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Inclusive processes = sum over final states

With a vacuum: 
• HVP for muon g-2 
• Hadronic tau decays
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Conveniently wriRen using the spectral funcSon 

Can be viewed as a “smeared spectrum”:
Easily reconstructed, once the spectral funcSon ρ(ω) is obtained.  
O\en not the case, then what to do?



Inclusive processes = sum over final states

With a vacuum: 
• HVP for muon g-2 
• Hadronic tau decays

With a specific iniSal state: 
• Semi-leptonic decays 
• Inclusive l-N cross secSons

ψ

<latexit sha1_base64="niCzOpbWF0rc1D0xhz4ITBA2LAs="></latexit>

R(X) =

Z 1

0
d! S(!;X)⇢(!) with

Conveniently wriRen using the spectral funcSon 

Can be viewed as a “smeared spectrum”:
Easily reconstructed, once the spectral funcSon ρ(ω) is obtained.  
O\en not the case, then what to do?



Lattice correlator as a smeared spectrum

La`ce correlator:

c.f.   spectral func:

all possible states contribute

Smeared spectrum:
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One can consider any funcSon.
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HVP contrib to muon g-2

slowly varying func

Hadronic τ decay
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heavier weight on the low-energy end ~ 2mπ

c.f. work by ETMC

Time-momentum representaSon (Bernecker-Meyer, Mainz!) is available for space-like quanSSes. 



Alternative path
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=  Establish an approximaDon

combinaSon of C(t) with various t;

when Sme-momentum rep is unavailable (Sme-like)  



Approximation?

• Not always possible; when the funcSon 
varies rapidly, in parScular.  

• Some available methods 
- Modified Backus-Gilbert 

- Chebyshev polynomial
Bailas, Ishikawa, SH, arXiv:2001.11779

Hansen, Lupo, Tantalo, arXiv:1903.06476

SystemaSc errors?



Chebyshev polynomials approximation
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approaches !Silver and Röder, 1997; Skilling, 1998; Ban-
dyopadhyay et al., 2005". Drawing more attention to
KPM as a potent alternative to all these techniques is
one of the purposes of the present work.

The outline of the paper is as follows: In Sec. II we
give a detailed introduction to Chebyshev expansion and
the kernel polynomial method, its mathematical back-
ground, convergence properties, and practical aspects of
its implementation. In Sec. III we apply KPM to a vari-
ety of problems from solid-state physics. Thereby, we
focus on illustrating the types of quantities that can be
calculated with KPM, rather than on the physics of the
considered models. In Sec. IV we show how KPM can
be embedded into other numerical approaches that re-
quire knowledge of spectral properties or correlation
functions, namely, Monte Carlo simulation and cluster
perturbation theory. In Sec. V we discuss alternatives to
KPM and compare their performance and precision, be-
fore summarizing in Sec. VI.

II. CHEBYSHEV EXPANSION AND THE KERNEL
POLYNOMIAL METHOD !KPM"

A. Basic features of Chebyshev expansion

1. Chebyshev polynomials

Let us first recall the basic properties of expansions in
orthogonal polynomials and of Chebyshev expansion in
particular. Given a positive weight function w!x" defined
on the interval #a ,b$ we can introduce a scalar product

%f&g' = (
a

b

w!x"f!x"g!x"dx !1"

between two integrable functions f ,g : #a ,b$→R. With
respect to each such scalar product there exists a com-
plete set of polynomials pn!x", which fulfill the orthogo-
nality relations

%pn&pm' = !n,m/hn, !2"

where hn=1/ %pn &pn' denotes the inverse of the squared
norm of pn!x". These orthogonality relations allow for
an easy expansion of a given function f!x" in terms of the
pn!x", since the expansion coefficients are proportional
to the scalar products of f and pn,

f!x" = )
n=0

"

#npn!x" with #n = %pn&f 'hn. !3"

In general, all types of orthogonal polynomials can be
used for such an expansion and for the kernel polyno-
mial approach we discuss in this paper #see, e.g., Silver
and Röder !1994"$. However, as we frequently observe
whenever we work with polynomial expansions !Boyd,
1989", Chebyshev polynomials !Abramowitz and Stegun,
1970; Rivlin, 1990" of first and second kind turn out to be
the best choice for most applications, mainly due to the
good convergence properties of the corresponding series
and to the close relation to Fourier transform !Cheney,
1966; Lorentz, 1966". The latter is also an important pre-

requisite for the derivation of optimal kernels !see Sec.
II.C", which are required for the regularization of finite-
order expansions, and which so far have not been de-
rived for other sets of orthogonal polynomials.

Both sets of Chebyshev polynomials are defined on
the interval #a ,b$= #−1,1$, where the weight function
w!x"= !$*1−x2"−1 yields the polynomials of first kind Tn

and the weight function w!x"=$*1−x2 those of second
kind Un. Based on the scalar products

%f &g'1 = (
−1

1 f!x"g!x"
$*1 − x2

dx , !4"

%f &g'2 = (
−1

1

$*1 − x2f!x"g!x"dx , !5"

the orthogonality relations thus read

%Tn&Tm'1 =
1 + !n,0

2
!n,m, !6"

%Un&Um'2 =
$2

2
!n,m. !7"

By substituting x=cos!%" one can easily verify that they
correspond to the orthogonality relations of trigonomet-
ric functions, and that in terms of those the Chebyshev
polynomials can be expressed in explicit form

Tn!x" = cos#n arccos!x"$ , !8"

Un!x" =
sin#!n + 1"arccos!x"$

sin#arccos!x"$
. !9"

These expressions can then be used to prove the recur-
sion relations,

T0!x" = 1, T−1!x" = T1!x" = x ,

Tm+1!x" = 2xTm!x" − Tm−1!x" , !10"

and

U0!x" = 1, U−1!x" = 0,

Um+1!x" = 2xUm!x" − Um−1!x" , !11"

which illustrate that Eqs. !8" and !9" indeed describe
polynomials, and which, moreover, are an integral part
of the iterative numerical scheme we develop later on.
Two other useful relations are

2Tm!x"Tn!x" = Tm+n!x" + Tm−n!x" , !12"

2!x2 − 1"Um−1!x"Un−1!x" = Tm+n!x" − Tm−n!x" . !13"

When calculating Green functions we also need Hilbert
transforms of the polynomials !Abramowitz and Stegun,
1970",

P(
−1

1 Tn!y"dy

!y − x"*1 − y2
= $Un−1!x" , !14"

277Weiße et al.: The kernel polynomial method

Rev. Mod. Phys., Vol. 78, No. 1, January 2006
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• Expansion in terms of orthogonal polynomials 
- Lanczos (1952):  convergence of Chebyshev is the 

fastest among other orthogonal polynomials.  
Mostly the case; there are excepSons, though. 

• Coefficients cj easily obtained to arbitrary N 
How fast is the convergence?  See below 

• Each term saSsfies |Tj(x)|≦ 1. Upper limit of 
the ignored terms (truncaSon errors) is known

• Typical resoluSon at O(N) ~ 1/N 
- thus, the energy resoluSon ~ 1/N  

• Each j from C(j = t);  precise approx 
needs large Sme sep
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• Typical resoluSon at O(N) ~ 1/N 
- thus, the energy resoluSon ~ 1/N 

(Look at the nodes) 
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ResoluSon is about 1/N or a bit larger.

try to approx a “delta” funcSon with N = 20
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try to approx a “delta” funcSon with N = 20

• Independent of the target funcSon 
- Limit of Δ→0 has to be taken with (or 

a\er) N→∞
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• Typical resoluSon at O(N) ~ 1/N 
- thus, the energy resoluSon ~ 1/N

• Independent of the target funcSon 
- Limit of Δ→0 has to be taken with (or 

a\er) N→∞
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Cheb with N=20

ResoluSon is about 1/N or a bit larger.

try to approx a “step” funcSon with N = 20
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Or, restrict the applicaSon to sufficiently 
smooth funcSons.

<latexit sha1_base64="WR6G/oGJoAaO2VY2gVVFKIOVWC0="></latexit>

x = e�!;



Convergence of the expansion
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coefficients cj

Δ = 0.01 Δ = 0.05 Δ = 0.1

ExponenSally converges.  The smoother the kernel, the faster the convergence. 
Possible to esDmate the truncaDon error.



An example

Borel transform:
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la`ce unit,  
    with M0/ a−1 = 1 GeV/2.4 GeV
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Borel transform (as in QCD sum rule)
Ishikawa, SH, Phys. Rev. D104, 074521 (2021)

FIG. 14. Comparison of ⇧̃(M2) in the continuum limit with the experimental values of the �

meson contribution.

VI. CONCLUSION AND OUTLOOK

The Borel transform has often been used in the QCD sum rule analyses in order to

improve the convergence of OPE and to enhance the contribution of the ground state, which

is of the main interest. A crucial question is then whether the theoretical uncertainty in the

perturbative expansion and OPE is well under control. The uncertainty due to the modeling

of the excited state and continuum contributions is another important issue in the QCD sum

rule. In this work, we provide a method to compute the Borel transform utilizing the lattice

QCD data for current correlators. Since the computation is fully nonperturbative in the

entire range of the Borel mass M , one can use the result to verify the theoretical methods

so far used in the QCD sum rule.

We find a good agreement between the lattice data and OPE in the region of M >

1.0 GeV. The OPE is truncated at the order 1/M6. Since the OPE involves unknown

condensates, this comparison can be used to determine these parameters, provided that the

lattice data are su�ciently precise. As the first example, we attempt to extract the gluon

condensate, which appears in OPE at the order 1/M4. The size of the error is comparable

to those of previous phenomenological estimates. With more precise lattice data in various

channels, one would be able to determine the condensates of higher dimensions, which have

24

channel

la`ce

pQCD + OPE φ meson contrib

La`ce can provide precise data 
in the enSre energy range.



Chebyshev matrix elements

Shi\ed Chebyshev polynomials:
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La`ce data from JLQCD: 
• Domain-wall, 483x96, a−1 ~ 2.45 GeV 
• mπ ~ 230 MeV 
• Vector channel, LL 

Orange: fit with the reverse formula + 
a constraint |T*j(x)|≦ 1
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Data soon become very noisy; 
the expansion possible only up 
to N = O(10).



Inclusive rate
Semi-leptonic B/D decays:

=

Kernel:

• Need to smear the step funcSon to obtain reasonable 
approximaSon, with σ = 1/N, say. 

• ExtrapolaSon to N→♾, see below.

narrow smearing  
(σ = 0.02)

Chebyshev approx 
(N = 10)

Gambino, SH, Phys. Rev. LeR. 125 (2020) 032001 
see also, Hansen, Meyer, Robaina, Phys. Rev. D96, 094513 (2017)



Systematic errors?

upper limit

narrow smearing (σ = 0.02)

lowest energy state
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• DifferenSal decay rate:

- Have to truncate the expansion. 
- We don’t know the spectrum a priori.

K(ω)



Kernel: polynomial approximation

Kµ‹(q, Ê; t0) = e
2Êt0 kµ‹(q, Ê) ◊‡ (Êmax ≠ Ê)

smooth step-function (sigmoid):
cut the unphysical states above Êmax,

here we fix ‡ = 0.02

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
a�

�0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

a2
K

(0
)

00

Kernel a2K(0)
00 (q, �) q2 =0.26 GeV2

CHEB N=9 �0 = 0

CHEB N=9 �0 = 0.9�min

BG N=9 �0 = 0

BG N=9 �0 = 0.9�min

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
a�

0

2

4

6

8

a2
K

(0
)

00

Kernel a2K(0)
00 (q, �) q2 =4.77 GeV2

CHEB N=9 �0 = 0

CHEB N=9 �0 = 0.9�min

BG N=9 �0 = 0

BG N=9 �0 = 0.9�min

,
Towards inclusive semileptonic decays from Lattice QCD Alessandro Barone 11/42

Barone et al. , JHEP 07 (2023) 145; arXiv:2305.14092

• Relevant energy range depends on the momentum transfer. 
• Can improve by adjusSng the lower limit of the approximaSon. 
• Backus-Gilbert and Chebyshev give essenSally the same approx.

https://arxiv.org/abs/2305.14092


Truncation error: the worst case

Inclusive semi-leptonic decays of charmed mesons with Möbius domain wall fermions Ryan Kellermann

Figure 2: -̄ contributions for di�erent kinematical channels as a function of q. The vertical lines show the
value q2

max for the vector (V) and pseudoscalar (PS) meson, respectively. The approximation is obtained for
# = 10 Chebyshev polynomials and the smearing of the kernel function is given by f = 1/# = 0.1. With the
available lattice data # = 10 is the upper limit for the Chbeyshev approximation, since the statistical noise of
the data becomes too strong for higher orders.

2c/!. All the data have been generated with Grid [8] and Hadrons [9] software packages. Part of
the fits in the analysis has been performed using lsqfit [10].

The number of configurations averaged are 50 and the measurement is duplicated with 8
di�erent source time slices. For each fixed spatial momentum q we calculate the four-point
correlation function to extract ⇠`a

� � (C, q) (further details on the lattice calculation can be found in
[11]) and determine the shifted Chebyshev matrix elements from ⇠`a

� � (C + 2C0, q)/⇠`a
� � (2C0, q) as

shown in (8) by performing a constrained fit imposing the condition (10). The l-integral is then
obtained by using the representation (8).

In Figure 2 we show the preliminary results for the energy integral -̄ defined in (4), where
we decompose -̄ into di�erent contributions, i.e. whether we have vector (VV) or axial-vector
(AA) current insertions, as well as the polarization of the inserted currents, i.e. parallel (k) and
perpendicular (?) to the momentum q. Our results are shown for a choice of # = 10 and the
smearing of the kernel function (7) is defined through f = 1/# = 0.1. With the available data,
# = 10 is the highest order that we can achieve with the Chebyshev approximation, since the
statistical noise of the lattice data becomes too large for orders of # > 10. In Figure 2, we also
include a contribution to -̄ k

++ from the exclusive semi-leptonic ⇡ !  decay, allowing us to
surmise that our results are in the right ballpark.

We comment on the region close to the end of the phase space, i.e. the point of q = (1, 1, 1)
corresponding to q2 ⇡ 0.66 GeV2 shown in Figure 2, for - k

++ and - k
��. In this region, a dominant

contribution from the ground state is expected for - k
++ , since the excited state energy exceeds the

5

increasing order of poly with σ = 1/N

Ds semi-leptonic decays: 
Kellermann @ La`ce 2022

error bound with |Tj(e−H)| ≦ 1

Dangerous near the kinemaScal end-point. 
Ground-state can be treated exactly, anyway.

ground state separately treated



Ds semi-leptonic decays: 
Kellermann @ La`ce 2024

Ground-state treated exactly.  Chebyshev 
approx the rest.  Added to all orders; error is 
esSmated using |T*j(x)|≦ 1.

Fixed smearing width; fixed polynomial order 
σ = 1/N = 0.1



Finite volume effect?
• Two-body state contribuSon may induce power-law, 1/Lα, correcSons.  
• Can be esSmated using models (form factors). Not significant in this parScular 

case. 

XAA⊥ (q2 ) for q=(0,0,0)

studies with varying upper limit ωth 

Its physical value is given by the released energy.

A model with

Challenges in semileptonic B Decays, R. Kellermann

Finite volume – Model analysis
D&SST ;#  for ; = 0,0,0

• Heaviside function
Ø Slight volume dependence

+ apply smearing
Ø Volume dependence washes 

out
+ include lattice data

Ø Nicely follows model prediction

Model-based results
Test by (artificially) varying the upper limit of the integral

A3U
WUXY

# = 0.1
D&T%7$ A3U

!"(") #$ ∼ %
%!

&
&'	)'( #,' +)" #,' , '*+ −'

3V = 256V

3V = 48V

09/25/24 18

C'( [lattice units]



Results so far:
Full error analysis still to be done

Results and comparison
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Key points:
I Chebyshev and Backus-Gilbert approaches are fully compatible;
I pilot study:

I values are in the right ballpark (compared to B decay rate, based on SU(3) flavour
symmetry);

I low statistics, roughly 5 ≠ 10% error.
,
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Gambino et al. (2022),  
JHEP 07 (2022) 083; arXiv:2203.11762

ETMC data (charm) RBC/UKQCD data (boRom)

Barone et al. ,  
JHEP 07 (2023) 145; arXiv:2305.14092

https://arxiv.org/abs/2203.11762
https://arxiv.org/abs/2305.14092


Summary

• Inclusive processes as a smeared spectrum: la`ce calculaSon is possible with the 
kernel approximaSon. 

• SystemaSc errors 

- TruncaSon errors: upper-limit can be esSmated (Chebyshev) 

- Finite volume: need some esSmates 

• Complementary to Luschers’s finite-volume approach 

- No need to idenSfy each energy level: no info of scaRering phase shi\s obtained.


