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Tensor networks (TN)

* Why TN? Answer: No sign-problem

Real-time, Finite density, 0-term, ...

e \What’s TN? we address later
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* TN is used as a representation of wave
function or partition function (path integral)



How to compute Z using TN

local interaction

7 = /[dqb]efsM



How to compute Z using TN

local interaction

7 — /[d¢]6—3[¢] — Z .. 'Tijlemn’io' ..

gk
Periodic BC

* Non-trivial step, but
* OK for scalar, gauge, and fermion
fields as long as the interaction is local

Scalar : Shimizu 2012, Sakai+ 2018
Gauge: Meurice+ 2013, Nishimura+ 2021, Fukuma+ 2021
Fermions: Shimizu+Kuramashi 2014



How to compute Z using TN

7 = /[d¢]6—5[¢] — Tt Do -+

Periodic BC cost OCXZV for 1<i,4,..<x

d \
_ % Bond dimension



How to compute Z using TN

— /[d¢]6—5[¢] — Z .. 'Tijlemn’iO' ..

1,7,k
Periodic BC
: L L |
HE e T 0 4=
[ Coarse-graining ] like spin-blocking A Z ngnz’;
]

Information compression using
singular value decomposition (SVD)



CO a rS e_g ra i n i n g Tensor renormalization group (TRG)

Levin+Nave 2007
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less modes

k=3 k=10

Information compression using
singular value decomposition (SVD)

original

truncated SVD

k
SVD: Moy = ¥ ttamNm(v))mp = Y am A (0F)me
m m=1 more modes

A0 > Al > http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT



Application to CP(1) + 6



2d CP(l) mOdel toy model of QCD

e asymptotic free
e confinement
* instanton

continuum

) , .0 2z e C?
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U(1) auxiliary field

on the lattice N mod 21t

N\
Siat = —18)Y_ [/ (2)2(e + D) UL(@) + (c.c)] - z‘ >_d@) e

Uy = e sign problem!



Previous study of phase structure
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Strong coupling limit Continuum limit



Previous study of phase structure
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Previous study of phase structure
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Previous study of phase structure
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Previous study of phase structure

Haldane’s conjecture : mass gap of O(3) vanishes at B=mt
/ =~CP(1)

27T
15t PT /

0 I e )

2nd T

0 Boxl/g O

Affleck+Haldane 1987 expected universality class : k = 1 SU(2) WZNW



Previous study of phase structure

Monte Carlo, imaginary 6
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Critical region is observed but the universality class is not identified

= This should be investigated by sign problem free method : tensor network!
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Previous study of phase structure

L O e Z(0)per o L
Tensor network L? 00?
' TRG:Dy=17, Dg=2 Or 4
Loop—%‘NR:Dﬁ=l7 /Dg=2 ——i | 1st - h =9
2nd :b=7/v <2
< 1st > <€ > f = 0.5 is roughly consistent with MC
2nd

But universality class is not determined

= (O)] o)} ~ [e0) (o) [\S) = N w
T T T T T T T

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

B

Dg , Dg : truncation order



Previous study of phase structure

Tensor network using Bond weighted TRG

\ Adachi+ 2020
2T

1
|
|
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no critical point is found up to f=1.1



What’s new in our study

We make two improvements

e Using better initial tensor

* New analysis based on CFT



Improvement of initial tensor

* Previous studies use character expansion for B-term

ez’%qp _ Z ein(A1+A2—A3—A4)Cn<9)
nez <.i o l
n

: slow convergence!

= large truncation error

e New method : Quadrature
Gauss-Legendre quadrature

Gauge field : / dAf(A Z wZ i = tensor’s index
— 7T
welght
Complex scalar field :/ dzg(z Z w(z) g(zp) p = tensor’s index
|2|2=1



Improvement of initial tensor

ftensor T fexact

5f — 1071
B=0.1
f exact . —e— B=05
\ conventional one : . p=10
1072 5 character expansion B=0.1
free energy —+ B=05
—— B=1.0
V =2x2 5 1071
0=m ot ]
N 190 new method : quadrature
A p—
_5 r r r r r r r
10 32 48 64 80 96 112 128
Dc
N, = 224

Bond dimension for initial tensor

New method shows better precision



New analysis method

Previous studies use susceptibility

1 o2 " _
log Z I fittingaround @ = 1
o L2 9° 5 2 0)lo=r = fitting range ?

* CFT : central charge and scaling dimensions

Gu+Wen 2009

scale invariant scale invariant <pace
tensor = transfer matrix j
T—) time PBC
EV of TM central charge scaling dimension
= )\0 Z )\1 Z e > - 1 )\0
— 9 log(\o) r; =h; +h; = —log | —
T v 2T )\z

conformal weight



central charge

Central charge

critical c¢c=1 & free boson CFT

€ >
0=m
Lod S R
Ny =120
0.8
—o— V=474 Nz = 224
0.6 4 —® V=475
—— V=476 __
—o— V=4"7 X =128
0.4 1
Bond weighted TRG
2] k= —0.5
001 ® —o— £~ 0.55
0.1 0.2 0.3 0.4 0.5 0.6 0.7

inverse coupling



scaling dimension

Scaling dimensions

a:Z:hZJth:—log - L1, X2,T3, T4

V=46 V=476
0.525 -
0.65 -
0.520 -
0.60 -
0.55 - : |
triplet \ 0515
0.50 -
0.510 -
0.45 -
0.40 - —o— x1 0.505 -
_._ x2
0.35 - - 3
—o— x4 0.500 -
0.56 0.57 060 062 064 066  0.68 0591 0592 0593 0.594 0.595 0.596 0.597 0.598 0.599
B B

Br=1su(2) = 0.595

quartet & k=15U(2) WZNW

Tl =T2 =T3 =XT4 = Wess+Zumino 1971, Novikov 1981, Witten 1984

N —



Summary

* We have analyzed phase structure of 2d CP(1)+6
using tensor network
* Two improvements

— Better (more precise) initial tensor

— New analysis using CFT : central charge and scaling
dimensions

* Critical point region starts from f = 0.55 and k=1
SU(2) symmetry is observed at § = 0.595
15t PT 2nd PT
0 = T QG u—mmm s 2 2 5 n

0 ~0.55 =~ 0.595 3
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Future

* Mass gap scaling
e Continuum limit?



Back up



Previous study of phase structure

Tensor network
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Critical region is observed but the universality class is not identified



c=1, k=1 WZNW

scaling dimension for c=1 free boson CFT

M2

Ve + R*N?%, M,NecZ R : compact radius

Ly = TM,N —

1
for R= \/; = SU(2) symmetry appears = k=1 WZNW universality class
Ginsparg 1988

1
T41,0 = To,+£ = 5 = quartet



parameter

N, =226, N, =120,
Dc=128,0 =m

bond-weight TRG, k = —1/2

D. Adachi, T. Okubo, and S. Todo,
Phys. Rev. B 105, L060402(2022)

(X Ti)*  (Liexp[—EiT])?

Y TiTi Yiexp|—2ET]

T — oo,

Ey=EDEEX =2
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1tPTin B =0—0.5
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Nature of transition at § = 0.1

182

—— log Z(0)|g— “

—— a=1.000036 err=0.000868 Dc=64

log,v

D.,+ = 64, TRG for coarse-graining

{

1st
2nd

ra=1
ca="v/v<l1

For § = 0.1

a = 1.0000(9) = 1st PT}

2T

:]_stI

Bocl/g



Previous study of phase structure

Haldane’s conjecture : mass gap of O(3) vanishes at B=mt

2T

/

~CP(1)

15t PT /

0 N e @

2nd T

Boxl/g O

O(3) + 6 was intensively studied by MC and Haldane’s conjecture is confirmed
And universality class is consistent with k=1 WZNW model



Coa rse—g ra i n i n g Tensor renormalization group (TRG)




Coa rse—g ra i n i n g Tensor renormalization group (TRG)

O—O- O
I, \\
H—0—0—0
\\~ ’/
O——O——0—0 _ .
\ Bond dimension
; 1<i,j,... < X

k + 0 & T



COa rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

O O O
Pl BN
/ \
>—O—-O0—0
\
\ /

1<4,7,... <X 2 X x? matrix

/

< Diyjw = Mg




COa rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

M € CX %X
O O O @, ) .
/ Singular Value Decomposition(SVD) \
O—O—O0—0 ;
'l/ \\ Mab — Z Uamo-m(v )mb
o.\ o ,,o Q - N | V4 |
R e unitary matrix
O——O—O0—0
01 Z 09 Z Z 0
\_ : singular value (non-negative) )

< Diyjw = Mg




COa rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

2 2
M € CX *X° = TN is sign-problem-free

/ Singular Value Decomposition(SVD) \
Mab — Z Uamo-m(VT>mb
N

unitary matrix
01 Z 092 Z Z 0

: singular value (non-negative) /

/ & Liw —Mm)(kz)

Y4l SVD
Ve Z U(w)mam m(kl)




COa rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

2 2
M € CX *X° = TN is sign-problem-free

/ Singular Value Decomposition(SVD) \

'l/—-\\ Mab — Z Uamo-m(VT>mb
SO N
‘\\ [ - unitary matrix
O——O0—0—0
01 Z 09 Z Z 0
\_ : singular value (non-negative) )
> &S Lijr = Mgy
truncation % ;
~ UijymomV,,, (k1)
m=1

[ truncation of SVD = information compression ]




Tensor network rep. of 2

depends on property of field and interaction

e Scalar field (non-compact)
— Orthonormal basis expansion

— Gauss Hermite quadrature

e Gauge field (compact : SU(N), CP(N) etc.)

— Character expansion : maintain symmetry, better
convergence

* Fermion field (Dirac/Majorana)

— Grassmann number 82=0 -> finite sum 1

e =1+¢0=">) (¢0)"

In principle, we can treat any fields )
n—



Tensor network rep. for 2D Ising

:Z H exp(354Sy)

{s} <z,y>

) e.g. 2D Ising model

Z = ZeXp( > Bsasy
{s}

<z,y>

Nearest Neighbor

- |



Tensor network rep. for 2D Ising

e.g. 2D Ising model

Z = Zexp( Z Bsx3y> :Z H exp(354Sy)

{s} <T,y> {s} <z,y>

1
= (cosh 3)?V Z H Z (845, tanh 3)"=v V = # of lattice sites

{s} <Z,y>iz4=0

-

exp(sysy) = cosh(Bszsy) + sinh(8szsy) s, = +1
= cosh 8+ s;s,sinh 3
= cosh (1 + ss, tanh )

1
= coshf Z (528, tanh 3)"=v

- X /

new d.o.f.

bond variable



Tensor network rep. for 2D Ising

:Z H exp(Fszsy)

{s} <z,y>

) e.g. 2D Ising model

Z = Zexp(Z BSz8y

{s} <z,y>

= (coshﬁ)QVZ H Z (828y tanh 3)%

{s} <Z,y>iz4=0

= (coshB)® Y > ] (sev/tanh3-s,\/tanh )"

{it {s} <z.y>




Tensor network rep. for 2D Ising

) e.g. 2D Ising model

_Z H exp(Fszsy)

{s} <z,y>

Z = ZeXp< Z Bsasy

{s} <z,y>

= (coshﬁ)2vz H Z (828y tanh )%

{5} <T,Y>iyy=0

= (cosh 5)2‘/ Z Z H (sz+/tanh 3 - s,4/tanh B)iw

{it {s} <z.y>

lattice
point




Tensor network rep. for 2D Ising

:Z H exp(szsy)

{s} <z,y>

) e.g. 2D Ising model

Z = Z@@(Z Bsesy

{s} <z,y>

= (coshﬁ)2vz H Z (828y tanh )%

{s} <x,y> iyy=0

= (cosh 5)2‘/ Z Z —[ (sz/tanh 3 - sy4/ tanh B)imy

{i} {s} <zy>

= (cosh 8)*V' > ) "] (s21/tanh B)’v (sy/tanh B)"* (s, +/tanh B)* (s, \/tanh 3)%

{i} {s} =
{1} {s} =
— h 2V t h izy‘i‘i:cz‘i‘ia:w‘i‘i:cv oy tigz tigw Tz . .
(cosh ) %E{(v anh 3) S;ﬂ‘swy summation is done
{i} =

rTY X2 TXW LY naw d.o.f. : index of tensor



Tensor network rep. for 2D Ising

e.g. 2D Ising model
Z = QV(COSh 6)2‘/ Z cee Tijlemnio T

1,9,k L, m,n,o,..

Tijre = (\/tanh B) 754§ (mod (i + j + k + 1), 2)

Toooo Tooor Tooio Zooit 1 0 0 tanh (3
Toi00 Toior Toiio Zorn | 0 tanh 3 tanh 3 0
Tiooo Tioor Thowo Tionn | 0 tanh 6 tanh 0

| Thi00 Ti101 Ti1i0 1111 | | tanh /3 0 0 (tanh 5)* |

size and elements of tensor depend on a model



Boltzmann weight is Tensor network rep. of partition
interpreted as probability function (no probability
interpretation)

Importance sampling Compression of tensor by SVD,
Optimization

Statistical errors Systematic errors (truncated SVD)

Sign problem may appear No sign problem
** no probability

Critical slowing down Efficiency of compression gets

worse around criticality
|

!

can be improved by TNR, Loop-TNR in 2D system
Evenbly & Vidal 2014, Gu et al., 2015




F int of vi fMC
rom point of view o Space of theory

From point of view of TN

Entanglement problem

No sign problem

No entanglement problem

Is there a region where any method cannot access ?

Is entanglement problem NP-hard ?



Hierarchy of singular value

2D Ising model D =32 9
Y
10 ' ! T=1.70 L=32 S
L T=170 L=1024  --===- | k- 1, !
T T=2.27 [=32 :
D L c T=227 [=1024  ==----- /
107 P T/ T=2.70 =32 . [
A T=2.70 [=1024  -------
102 - ---il:“' . e T ] T/ Ny = WUl s v .
5 ot e T T (kj)(il) = E : (kj)mOmUm(il)
< 10° Tl m
s W 2
-4 | l‘ \__‘
10 /1 '.‘ 1, — oF*RG step
105 - T<Tc I“‘ .‘\_“ —
oo NN I T = 2+ vR)
10-7 | | : 1Ly | — 2.269-..
0 20 40 60 80 100

e Off criticality: good hierarchy (small \S)

+ Near criticality: hierarchy gets worse (large S) | e critical slowing

down in MC

Tensor network renormalization (TNR) can help the situation



Renormalization group

/7 HG ) = S ROMH

S : spins
72 = Ze‘ﬂH
{s}

Block spin transf., Migdal-Kadanoff RG

Z KO

H — ZKC’) —>H’

K' = Ric(K)
K* = Rg(K™) :fixed point

Qrget . critical exponent etc /

TRG

/ Tijri(K)

1,7, k, [ :indexes

Z HTijkl"‘

35k, ..

N

SVD + contraction

R
Z HTijkl”’_>

i3,k

> 1T

i,9,k,1,...

T =Ry (T)
T* = Rp(T") :fixed point tensor

\target : partition function etc /




SVD

For simplicity

\

rank-k m X nreal matrix4 (m2>n2k)is given by

A=UAVL  (runsvo)

U : m X morthonormal matrix : U=(uy, u,,..., u,,), UTU=UUT=1
V : n X northonormal matrix : V=(v{, vy,..., v,,), VIV=VVT=I
A 1 m X ndiagonal matrix : A=diag(oy, 0,,..., 7,,)

where 0,2 0,2...20,>04y1=...=0,=0)

k
. E : T . :
A p— O-lulvl Decomposition using rank-1 tensor
[=1



Best approximation of 4 ?

O

k
A= ZO‘ZUZ”UZT A — l_ \ -
=1

/ truncated at r ‘
B = ialulvlT B — I t H




