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Tensor networks (TN)
• Why TN?   Answer: No sign-problem

Real-time, Finite density, θ-term, …

• What’s TN?

• TN is used as a representation of wave 
function or partition function (path integral)

we address later
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How to compute 𝑍 using TN
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local interaction



How to compute 𝑍 using TN
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Periodic BC

• Non-trivial step, but
• OK for scalar, gauge, and fermion 

fields as long as the interaction is local

• Scalar : Shimizu 2012, Sakai+ 2018
• Gauge: Meurice+ 2013, Nishimura+ 2021, Fukuma+ 2021
• Fermions: Shimizu+Kuramashi 2014

local interaction



How to compute 𝑍 using TN
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Bond dimension

Periodic BC



How to compute 𝑍 using TN
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Coarse-graining

Periodic BC
T

Information compression using 
singular value decomposition (SVD)



Coarse-graining

Information compression using 
singular value decomposition (SVD)

T (1)T

original
truncated SVD

more modes

less modes

SVD: Mab =
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Tensor renormalization group (TRG)
Levin+Nave 2007
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Application to CP(1) + θ



2d CP(1) model toy model of QCD

• asymptotic free
• confinement
• instanton

U(1) auxiliary field
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Previous study of phase structure
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Previous study of phase structure
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Previous study of phase structure
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Previous study of phase structure
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Previous study of phase structure
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1st PT

2nd PT

Haldane’s conjecture : mass gap of O(3) vanishes at θ=π
≅CP(1)Haldane 1983

� � 1/g

Wess+Zumino 1971, Novikov 1981, Witten 1984
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expected universality class : 𝑘 = 1 SU(2) WZNWAffleck+Haldane 1987



Previous study of phase structure
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1st PT

Monte Carlo, imaginary 𝜃Azcoiti+ 2007

Critical region is observed but the universality class is not identified

≈ 0.5

2nd PT

� � 1/g
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⇒ This should be investigated by sign problem free method : tensor network!



Previous study of phase structure
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1st : b = 2
2nd : b = �/� < 2
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b

β

TRG:Dβ=17, Dθ=2 or 4Loop-TNR:Dβ=17 ,Dθ=2

2nd

Dβ , Dθ : truncation order

𝛽 = 0.5 is roughly consistent with MC
Azcoiti+ 2007

But universality class is not determined

Tensor network
Kawauchi+ST 2018



Previous study of phase structure

�0

1st PT

Nakayama+ 2021

1.1 � � 1/g

�

2�

�

Tensor network using Bond weighted TRG

no critical point is found up to β=1.1

Adachi+ 2020



What’s new in our study

• Using better initial tensor

• New analysis based on CFT

We make two improvements



Improvement of initial tensor
• Previous studies use character expansion for θ-term

: slow convergence!/ 1

n

<latexit sha1_base64="n0wRFatHRpoIOVnLc2dTw9v5RVU=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRSUFcW3LisYB/QhjKZTtqhk8kwMxFCiL/ixoUibv0Qd/6Fn+A07UJbD1w4nHMv994TCEaVdt0vq7S2vrG5Vd6u7Ozu7R/Yh0cdFScSkzaOWSx7AVKEUU7ammpGekISFAWMdIPpzczvPhCpaMzvdSqIH6ExpyHFSBtpaFcHQsZCx84glAhnXp7xfGjX3LpbwFkl3oLUrr+hQGtofw5GMU4iwjVmSKm+5wrtZ0hqihnJK4NEEYHwFI1J31COIqL8rDg+d06NMnLCWJri2inU3xMZipRKo8B0RkhP1LI3E//z+okOL/2McpFowvF8UZgwxzw7S8IZUUmwZqkhCEtqbnXwBJkUtMmrYkLwll9eJZ3zuteoX901as3GPA0owzGcwBl4cAFNuIUWtAFDCk/wAq/Wo/VsvVnv89aStZipwh9YHz+6TJY9</latexit>

Hassan+ 1995

Kawauchi+ST 2017, Nakayama+ 2021

• New method : Quadrature

Complex scalar field :

Gauge field : 𝑖 ⇒ tensor’s index

weight

Genz+Keister 1996

Gauss-Legendre quadrature

𝑝 ⇒ tensor’s index
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Improvement of initial tensor

Bond dimension for initial tensor 

✓ = ⇡
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New method shows better precision
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Nz = 224

<latexit sha1_base64="QUAN0Np+XZCgwipuJ9U+R7CmrEo=">AAAB7nicbVDLSgNBEOyNrxhfGz16GRIET2E3SOJFiHjxJBHNA5I1zE5mkyGzs8vMrBCWfIBHLx4U8er3ePNvnDwOmljQUFR1093lx5wp7TjfVmZtfWNzK7ud29nd2z+w84dNFSWS0AaJeCTbPlaUM0EbmmlO27GkOPQ5bfmjq6nfeqRSsUjc63FMvRAPBAsYwdpIrZve5YVbdnp20Sk5M6BV4i5IsWYHD0+Fu3y9Z391+xFJQio04VipjuvE2kux1IxwOsl1E0VjTEZ4QDuGChxS5aWzcyfoxCh9FETSlNBopv6eSHGo1Dj0TWeI9VAte1PxP6+T6ODcS5mIE00FmS8KEo50hKa/oz6TlGg+NgQTycytiAyxxESbhHImBHf55VXSLJfcSqlya9I4gzmycAwFOAUXqlCDa6hDAwiM4Ble4c2KrRfr3fqYt2asxcwR/IH1+QOWopCa</latexit>

NA = 120

conventional one :
character expansion

new method : quadrature

<latexit sha1_base64="03BtFlJSh5+iOdZRbH/NdbX7QqQ="></latexit>

�f =

����
ftensor � fexact

fexact

����

free energy



New analysis method
• Previous studies use susceptibility

• CFT : central charge and scaling dimensions

� =
1
L2

�2

��2
logZ(�)|�=� � Lb

Kawauchi+ST 2017, Nakayama+ 2021

fitting around 𝜃 = 𝜋
⇒ fitting range ?

scale invariant
transfer matrix

time

space

PBC

⇒
EV of TM central charge scaling dimension

⇒ <latexit sha1_base64="gIjbAfxowKph4gSqF/DDfYeISmY=">AAACCXicbVC7TsMwFHXKq4RXgJHFokIqA1UCqLAgVWJhLBJ9SE0UOY7TWnWcyHaQqqgrA+z8ACsLAwix8gdsfAD/gdsyQMuRLB2dcx++J0gZlcq2P43C3PzC4lJx2VxZXVvfsDa3mjLJBCYNnLBEtAMkCaOcNBRVjLRTQVAcMNIK+ucjv3VNhKQJv1KDlHgx6nIaUYyUlnwL4jPTjQTCeXWYuykdmi5LumWX6REh8u193yrZFXsMOEucH1KqHTw0779uj+q+9eGGCc5iwhVmSMqOY6fKy5FQFDOi52eSpAj3UZd0NOUoJtLLx5cM4Z5WQhglQj+u4Fj93ZGjWMpBHOjKGKmenPZG4n9eJ1PRqZdTnmaKcDxZFGUMqgSOYoEhFQQrNtAEYUH1XyHuIZ2L0uGZOgRn+uRZ0jysONVK9VKncQwmKIIdsAvKwAEnoAYuQB00AAY34BE8gxfjzngyXo23SWnB+OnZBn9gvH8DwhOcxA==</latexit>

c =
6

⇡
log(�0)

<latexit sha1_base64="ABraQ+qGffL/mlSTMuoQZ9FnzNU="></latexit>

xi = hi + h̄i =
1

2⇡
log

✓
�0

�i

◆

Gu+Wen 2009

⇒scale invariant
tensor

conformal weight

<latexit sha1_base64="GGwBTRnHuaM8k3rq7nSgfIeGQKI=">AAACB3icbVDLSsNAFJ34rPWV6lKQoUVwFRKR6rLgxmVF+4Amhslk0g6dTMLMRCihOzf9FTcuFHHrL7jzb5y0FbT1wMC559zLnXuClFGpbPvLWFldW9/YLG2Vt3d29/bNykFbJpnApIUTlohugCRhlJOWooqRbioIigNGOsHwqvA7D0RImvA7NUqJF6M+pxHFSGnJN49dpptD5NvQ7RP4UzlFYVmWb9Zsy54CLhNnTmoNM7qfVG8rTd/8dMMEZzHhCjMkZc+xU+XlSCiKGRmX3UySFOEh6pOephzFRHr59I4xPNFKCKNE6McVnKq/J3IUSzmKA90ZIzWQi14h/uf1MhVdejnlaaYIx7NFUcagSmARCgypIFixkSYIC6r/CvEACYSVjq6sQ3AWT14m7TPLqVv1G53GOZihBI5AFZwCB1yABrgGTdACGDyCJ/ACXo2J8Wy8Ge+z1hVjPnMI/sD4+AY27pnG</latexit>

�0 � �1 � ...



Central charge

✓ = ⇡

<latexit sha1_base64="CWobWL+pOQ9dDdNgm3qUq6pZg8g=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0VwISWRgroQC25cVrAPbEKZTCft0MkkzNwUSuhfuFHUjbj1b1z4Gf6Bk7YLbT1w4XDOvdx7jx8LrsG2v6zc0vLK6lp+vbCxubW9U9zda+goUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0B9eZ3xwypXkk72AUMy8kPckDTgkY6d6FPgNy6ca8UyzZZXsCvEicGSldfT9meKp1ip9uN6JJyCRQQbRuO3YMXkoUcCrYuOAmmsWEDkiPtQ2VJGTaSycXj/GRUbo4iJQpCXii/p5ISaj1KPRNZ0igr+e9TDzxw//sdgLBuZdyGSfAJJ3uChKBIcJZArjLFaMgRoYQqrg5F9M+UYSCyalgcnDmv14kjdOyUylf3NqlagVNkUcH6BAdIwedoSq6QTVURxRJ9IBe0Ks1tJ6tN+t92pqzZjP76A+sjx/j05aQ</latexit>

<latexit sha1_base64="bYkZM96/0/xdhkKHw4T6wFT48CA=">AAAB7nicbVDLSgNBEOyNrxhfGz16GRIET2E3hOhFCHjxJBHNA5I1zE5mkyGzs8vMrBCXfIBHLx4U8er3ePNvnDwOmljQUFR1093lx5wp7TjfVmZtfWNzK7ud29nd2z+w84dNFSWS0AaJeCTbPlaUM0EbmmlO27GkOPQ5bfmjy6nfeqBSsUjc6XFMvRAPBAsYwdpIreve40W5XOnZRafkzIBWibsgxZod3D8VbvP1nv3V7UckCanQhGOlOq4Tay/FUjPC6STXTRSNMRnhAe0YKnBIlZfOzp2gE6P0URBJU0Kjmfp7IsWhUuPQN50h1kO17E3F/7xOooNzL2UiTjQVZL4oSDjSEZr+jvpMUqL52BBMJDO3IjLEEhNtEsqZENzll1dJs1xyq6XqjUmjAnNk4RgKcAounEENrqAODSAwgmd4hTcrtl6sd+tj3pqxFjNH8AfW5w/1gJDY</latexit>

Nz = 224

<latexit sha1_base64="QUAN0Np+XZCgwipuJ9U+R7CmrEo=">AAAB7nicbVDLSgNBEOyNrxhfGz16GRIET2E3SOJFiHjxJBHNA5I1zE5mkyGzs8vMrBCWfIBHLx4U8er3ePNvnDwOmljQUFR1093lx5wp7TjfVmZtfWNzK7ud29nd2z+w84dNFSWS0AaJeCTbPlaUM0EbmmlO27GkOPQ5bfmjq6nfeqRSsUjc63FMvRAPBAsYwdpIrZve5YVbdnp20Sk5M6BV4i5IsWYHD0+Fu3y9Z391+xFJQio04VipjuvE2kux1IxwOsl1E0VjTEZ4QDuGChxS5aWzcyfoxCh9FETSlNBopv6eSHGo1Dj0TWeI9VAte1PxP6+T6ODcS5mIE00FmS8KEo50hKa/oz6TlGg+NgQTycytiAyxxESbhHImBHf55VXSLJfcSqlya9I4gzmycAwFOAUXqlCDa6hDAwiM4Ble4c2KrRfr3fqYt2asxcwR/IH1+QOWopCa</latexit>

NA = 120

<latexit sha1_base64="e851zMT0EuMZGBQnkXDtNtkRxD4=">AAAB73icbVDLSgNBEOyNrxhf0Ry9DAbBU9gNEnMRAl48RjAPSJYwO5lNhszOrjOzwrLk6A+I4EFR8ebvePM//AAnj4MmFjQUVd10d3kRZ0rb9peVWVldW9/Ibua2tnd29/L7B00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteaOLid+6pVKxUFzrJKJugAeC+YxgbaR2lwzZuVOu9vJFu2RPgZaJMyfFWuH79eHOfa/38p/dfkjigApNOFaq49iRdlMsNSOcjnPdWNEIkxEe0I6hAgdUuen03jE6Nkof+aE0JTSaqr8nUhwolQSe6QywHqpFbyL+53Vi7VfdlIko1lSQ2SI/5kiHaPI86jNJieaJIZhIZm5FZIglJtpElDMhOIsvL5NmueRUSpUrk8YpzJCFQziCE3DgDGpwCXVoAAEO9/AEz9aN9Wi9WG+z1ow1nynAH1gfPz7Jkyk=</latexit>

� = 128

Bond weighted TRG
<latexit sha1_base64="h1xRjk9IVhVdq/NSOfRqrdtzE9U=">AAAB7XicbVDLSgNBEOz1EWN8RT0KMiQIXlx2xUQvQsCLxwjmIckSZiezyZjZ2WVmVghL/sGLB0W8ePB/vPkvHpw8DppY0FBUddPd5cecKe04X9bS8spqZi27ntvY3Nreye/u1VWUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57ThD67GfuOBSsUicauHMfVC3BMsYARrI9UHlyeOXerki47tTIAWiTsjxUqmcPh+V/qudvKf7W5EkpAKTThWquU6sfZSLDUjnI5y7UTRGJMB7tGWoQKHVHnp5NoROjJKFwWRNCU0mqi/J1IcKjUMfdMZYt1X895Y/M9rJTq48FIm4kRTQaaLgoQjHaHx66jLJCWaDw3BRDJzKyJ9LDHRJqCcCcGdf3mR1E9tt2yXb0waZzBFFg6gAMfgwjlU4BqqUAMC9/AIz/BiRdaT9Wq9TVuXrNnMPvyB9fEDq1yQyg==</latexit>

k = �0.5

critical
<latexit sha1_base64="RF6Hj6HWeOLemj64hq9TecRKVz8=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozItWNWHDjsqK9QDuUTJppQ5PMkGSEMvQR3LhQqlufyJ2P4RuYabvQ1h8CH/9/DjnnBDFn2rjul5NbWV1b38hvFra2d3b3ivsHDR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4U2WNx+p0iySD2YUU1/gvmQhI9hY655ced1iyS27U6Fl8OZQuv6eZHqrdYufnV5EEkGlIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbosSCaj+djjpGJ9bpoTBS9kmDpu7vjhQLrUcisJUCm4FezDLzv6ydmPDST5mME0MlmX0UJhyZCGV7ox5TlBg+soCJYnZWRAZYYWLsdQr2CN7iysvQOCt7lXLlzi1Vz2GmPBzBMZyCBxdQhVuoQR0I9OEJXuDV4c6zM3HeZ6U5Z95zCH/kfPwAI+eSKQ==</latexit>

c = 1 ⇔ free boson CFT

<latexit sha1_base64="GrjvutFhQ2ntXCwDTpv2sIDi/UE=">AAAB+nicbVDLSgMxFM3UV62vqYIbN8EiuBpmhFaXBTcuK9gHdIaSSTNtaCYTkoxaxn6KGxeKuBN/QPwDd36Npo+Fth64cDjnXu69JxSMKu26X1ZuaXlldS2/XtjY3NresYu7DZWkEpM6TlgiWyFShFFO6ppqRlpCEhSHjDTDwfnYb14TqWjCr/RQkCBGPU4jipE2Uscu+iHRyEdCyOTWdcrlQscuuY47AVwk3oyUqvbHa+P7fb/WsT/9boLTmHCNGVKq7blCBxmSmmJGRgU/VUQgPEA90jaUo5ioIJucPoJHRunCKJGmuIYT9fdEhmKlhnFoOmOk+2reG4v/ee1UR2dBRrlINeF4uihKGdQJHOcAu1QSrNnQEIQlNbdC3EcSYW3SGofgzb+8SBonjldxKpcmDRdMkQcH4BAcAw+cgiq4ADVQBxjcgHvwCJ6sO+vBerZepq05azazB/7AevsBLXuW+w==</latexit>

� ⇡ 0.55



Scaling dimensions

singlet

triplet

<latexit sha1_base64="ABraQ+qGffL/mlSTMuoQZ9FnzNU="></latexit>

xi = hi + h̄i =
1

2⇡
log

✓
�0

�i

◆
<latexit sha1_base64="kcDR9SckAmbx2bZ43Txo26c8CGU=">AAAB+HicbVDLSsNAFL2pr1ofjXbpJlgEF1KSWqrLghuXFewD2hAm02k7dDIJMxNpDV36B+5cKKKIWz/Fnf/hBzh9LLT1wIHDOfcyd44fMSqVbX8ZqZXVtfWN9GZma3tnN2vu7ddlGAtMajhkoWj6SBJGOakpqhhpRoKgwGek4Q8uJnnjhghJQ36tRhFxA9TjtEsxUtryzOzQc06GXlHzVLPkmXm7YE9hLQtnLvKV3Pfj/Z37XPXMz3YnxHFAuMIMSdly7Ei5CRKKYkbGmXYsSYTwAPVIS0uOAiLdZHr42DrSTsfqhkKTK2vq/t5IUCDlKPD1ZIBUXy5mE/O/rBWr7rmbUB7FinA8e6gbM0uF1qQFq0MFwYqNtEBYUH2rhftIIKx0VxldgrP45WVRLxaccqF8pdsowQxpOIBDOAYHzqACl1CFGmCI4QFe4NW4NZ6MN+N9Npoy5js5+APj4wc9dJXi</latexit>x1, x2, x3, x4

<latexit sha1_base64="amsJu4l4wtBiA2L7x+/c/EvPgD8=">AAACBnicbVDLSsNAFJ34rPUVdSVFGCxC3ZSk2KoLoeDGZYumLTQhTKaTdujkwcxELKErN/6KGxeKuPULXLjTr3H6WGjrgQuHc+7l3nu8mFEhDeNLW1hcWl5Zzaxl1zc2t7b1nd2GiBKOiYUjFvGWhwRhNCSWpJKRVswJCjxGml7/cuQ3bwkXNApv5CAmToC6IfUpRlJJrn5ge0QiN+1fmPDaKpSOhzaKYx7dGcXyednV80bRGAPOE3NK8lXIct/1/Y+aq3/anQgnAQklZkiItmnE0kkRlxQzMszaiSAxwn3UJW1FQxQQ4aTjN4bwSCkd6EdcVSjhWP09kaJAiEHgqc4AyZ6Y9Ubif147kf6Zk9IwTiQJ8WSRnzAoIzjKBHYoJ1iygSIIc6puhbiHOMJSJZdVIZizL8+TRqloVoqVukrjBEyQATlwCArABKegCq5ADVgAg3vwCJ7Bi/agPWmv2tukdUGbzuyBP9DefwCCX5op</latexit>

�k=1SU(2) ⇡ 0.595
quartet ⇔ k=1 SU(2) WZNW

Wess+Zumino 1971, Novikov 1981, Witten 1984

<latexit sha1_base64="069gNsFotWlbBiWUD+twpywSGvA=">AAACCnicbVDLSsNAFJ34rPUVdelmtAhuLElbqhuh4MZlBfuApoTJdNIOnWTCzERaQtaCuPYHXLtxoYhbv8CdH+B/OH0stPXAgcM59zJzjxcxKpVlfRkLi0vLK6uZtez6xubWtrmzW5c8FpjUMGdcND0kCaMhqSmqGGlGgqDAY6Th9S9GeeOGCEl5eK2GEWkHqBtSn2KktOWaBwPXPh+4Bc2iZslBUST4wPEFwomdJoXUNXNW3hoDzgt7KnKVk8f6w/ddseqan06H4zggocIMSdmyrUi1EyQUxYykWSeWJEK4j7qkpWWIAiLbyfiUFB5ppwN9LjRDBcfu740EBVIOA09PBkj15Gw2Mv/LWrHyz9oJDaNYkRBPHvJjBhWHo15ghwqCFRtqgbCg+q8Q95BuQen2sroEe/bkeVEv5O1yvnyl2yiBCTJgHxyCY2CDU1ABl6AKagCDW/AEXsCrcW88G2/G+2R0wZju7IE/MD5+AD3enao=</latexit>

x1 = x2 = x3 = x4 ⇡ 1

2



Summary

• We have analyzed phase structure of 2d CP(1)+θ
using tensor network

• Two improvements
– Better (more precise) initial tensor
– New analysis using CFT : central charge and scaling 

dimensions
• Critical point region starts from 𝛽 ≈ 0.55 and k=1 

SU(2) symmetry is observed at 𝛽 ≈ 0.595

1st PT 2nd PT

<latexit sha1_base64="fcEtAYO+jjAba6vDDdZ8Rqe542U=">AAAB53icbZDLSsNAFIZPvNZ4q27dBIvgQkoiUt1ZcOOygr1AG8pketoOnZmEmYlQQp/ApbqwW5/JhY/hGzhpu9DWHwY+/v8c5pwTJZxp4/tfztr6xubWdmHH3d3bPzgsukcNHaeKYp3GPFatiGjkTGLdMMOxlSgkIuLYjEZ3ed58QqVZLB/NOMFQkIFkfUaJsdaD3y2W/LI/k7cKwQJKt9/vuaa1bvGz04tpKlAayonW7cBPTJgRZRjlOHE7qcaE0BEZYNuiJAJ1mM0GnXhn1ul5/VjZJ403c393ZERoPRaRrRTEDPVylpsXkfgvbqemfxNmTCapQUnnf/VT7pnYyxf3ekwhNXxsgVDF7LgeHRJFqLHnce0dguWtV6FxWQ4q5UqpegVzFeAETuEcAriGKtxDDepAAeEZXuHNEc6LM50XrjmLjmP4I+fjB1xZkVg=</latexit>

0 <latexit sha1_base64="Sr9jU3xjk9JdKnmbm+epvQA74YU=">AAAB83icbVDLSgMxFM3UV62vqks3wSK4GmbEVl1ZcOOygn1AO5RMmmlDM0lIMmIZ+huCulDErT/jzs/wD8y0XWjrgQuHc+7l3ntCyag2nvfl5JaWV1bX8uuFjc2t7Z3i7l5Di0RhUseCCdUKkSaMclI31DDSkoqgOGSkGQ6vMr95R5Smgt+akSRBjPqcRhQjY6VOB0mpxL3nli/K3WLJc70J4CLxZ6R0+f2Y4anWLX52egInMeEGM6R12/ekCVKkDMWMjAudRBOJ8BD1SdtSjmKig3Ry8xgeWaUHI6FscQMn6u+JFMVaj+LQdsbIDPS8l4n/ee3EROdBSrlMDOF4uihKGDQCZgHAHlUEGzayBGFF7a0QD5BC2NiYCjYEf/7lRdI4cf2KW7nxStVTMEUeHIBDcAx8cAaq4BrUQB1gIMEDeAGvTuI8O2/O+7Q158xm9sEfOB8/TnGVqQ==</latexit>

⇡ 0.595
<latexit sha1_base64="36cG7RSRKORe5O4rkClwjRwIHKo=">AAAB83icbVDLSgMxFM34rPVVdekmWARXw4zY6s6CG5cV7AM6Q8mkmTY0k4QkI5ahvyGoC0Xc+jPu/Az/wEzbhbYeuHA4517uvSeSjGrjeV/O0vLK6tp6YaO4ubW9s1va229qkSpMGlgwodoR0oRRThqGGkbaUhGURIy0ouFV7rfuiNJU8FszkiRMUJ/TmGJkrBQESEol7qHnVirdUtlzvQngIvFnpHz5/Zjjqd4tfQY9gdOEcIMZ0rrje9KEGVKGYkbGxSDVRCI8RH3SsZSjhOgwm9w8hsdW6cFYKFvcwIn6eyJDidajJLKdCTIDPe/l4n9eJzXxRZhRLlNDOJ4uilMGjYB5ALBHFcGGjSxBWFF7K8QDpBA2NqaiDcGff3mRNE9dv+pWb7xy7QxMUQCH4AicAB+cgxq4BnXQABhI8ABewKuTOs/Om/M+bV1yZjMH4A+cjx8oQZWQ</latexit>

⇡ 0.55

k=1 SU(2)

<latexit sha1_base64="RJiaIsLZ43RGlaUfzv8KMcFNe64=">AAAB8XicbZDLSsNAFIYn9VbrrerSTbAIrkoiUt2IBTcuK9gLNqFMpqft0MkkzJwIJfQt3FRQxK1v487H8A2ctF1o6w8DH/9/DnPOCWLBNTrOl5VbWV1b38hvFra2d3b3ivsHDR0likGdRSJSrYBqEFxCHTkKaMUKaBgIaAbDmyxvPoLSPJL3OIrBD2lf8h5nFI314OEAkF55Me8US07ZmcpeBncOpevvSabnWqf46XUjloQgkQmqddt1YvRTqpAzAeOCl2iIKRvSPrQNShqC9tPpxGP7xDhduxcp8yTaU/d3R0pDrUdhYCpDigO9mGXmf1k7wd6ln3IZJwiSzT7qJcLGyM7Wt7tcAUMxMkCZ4mZWmw2oogzNkQrmCO7iysvQOCu7lXLlzilVz8lMeXJEjskpcckFqZJbUiN1wogkT+SFvFramlhv1vusNGfNew7JH1kfP+A2lYI=</latexit>

✓ = ⇡

<latexit sha1_base64="K1sDODo2oCRwhPwDS32f4CUVMww=">AAAB7HicbVA9SwNBEJ2LXzF+RVPaHAbBKtyJRMuAjWUELwkkR9jb7CVL9vaO3TkhHCmtbVIoIoKFP8jO/+EPcPNRaOKDgcd7M8zMCxLBNTrOl5VbW9/Y3MpvF3Z29/YPiodHDR2nijKPxiJWrYBoJrhkHnIUrJUoRqJAsGYwvJ76zXumNI/lHY4S5kekL3nIKUEjeZ2AIekWy07FmcFeJe6ClGul77fJg/9e7xY/O72YphGTSAXRuu06CfoZUcipYONCJ9UsIXRI+qxtqCQR0342O3ZsnxqlZ4exMiXRnqm/JzISaT2KAtMZERzoZW8q/ue1Uwyv/IzLJEUm6XxRmAobY3v6ud3jilEUI0MIVdzcatMBUYSiyadgQnCXX14ljfOKW61Ub00aFzBHHo7hBM7AhUuowQ3UwQMKHB7hCZ4taU2sF+t13pqzFjMl+APr4wcgN5Kb</latexit>

�



German-Japanese Workshop 202?
in Kanazawa If our proposal is accepted!!!

I need your help!!!



Future

• Mass gap scaling
• Continuum limit?



Back up



Previous study of phase structure

�0

1st PT

Tensor networkKawauchi+ST 2018

Critical region is observed but the universality class is not identified

≈ 0.5

2nd PT

� � 1/g

�

2�

�



c=1, k=1 WZNW

scaling dimension for c=1 free boson CFT

𝑅 : compact radius

<latexit sha1_base64="6m6GInTy4YhP4UK/WPtNiRWwWgo=">AAACCnicbZC7TsMwFIYdrqXcAowwBCqkDlWVVKKwVFRiga1I9CI1IXJcp7XqOJHtIKooMwuvwsIAAlaegI23wWk7QMsvWfr8n3Nkn9+LKBHSNL+1hcWl5ZXV3Fp+fWNza1vf2W2JMOYIN1FIQ97xoMCUMNyURFLciTiGgUdx2xteZPX2HeaChOxGjiLsBLDPiE8QlMpy9cN7N7GjwCqZaU2hWVKXtGb7HKLESpNKmnf1glk2xzLmwZpCoV48uHq/PTlvuPqX3QtRHGAmEYVCdC0zkk4CuSSI4jRvxwJHEA1hH3cVMhhg4STjVVLjWDk9ww+5OkwaY/f3RAIDIUaBpzoDKAditpaZ/9W6sfTPnISwKJaYoclDfkwNGRpZLkaPcIwkHSmAiBP1VwMNoIpBqvSyEKzZleehVSlb1XL1WqVhgolyYB8cgSKwwCmog0vQAE2AwAN4Ai/gVXvUnrU37WPSuqBNZ/bAH2mfPwuSnAs=</latexit>

x±1,0 = x0,± =
1

2 ⇒ quartet

<latexit sha1_base64="QT0e82a6kMCjGva/ePeHvflW1AE=">AAAB/nicbVDLSgMxFM34rK2PseLKTbAIglBmuqhuhIIbV1LFPqBTSybNtKGZzJhkhBIG/BU3LhRx63e48z/8ADNtF9p64MLhnHu59x4/ZlQqx/mylpZXVtfWcxv5wubW9o69W2zKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9dZH7rgQhJI36rxjHphmjAaUAxUkbq2fs35568F0p7gUBYu6mupGm+Z5ecsjMBXCTujJRqJ+T7rnBVrPfsT68f4SQkXGGGpOy4Tqy6GglFMSNp3kskiREeoQHpGMpRSGRXT85P4ZFR+jCIhCmu4ET9PaFRKOU49E1niNRQznuZ+J/XSVRw1tWUx4kiHE8XBQmDKoJZFrBPBcGKjQ1BWFBzK8RDZHJQJrEsBHf+5UXSrJTdarl6bdJwwBQ5cAAOwTFwwSmogUtQBw2AgQZP4AW8Wo/Ws/VmvU9bl6zZzB74A+vjB27umAE=</latexit>

R =

r
1

2
for ⇒ k=1 WZNW universality class⇒ SU(2) symmetry appears

<latexit sha1_base64="tEz7RenhpZI9HpLpnRb2zR51DQI="></latexit>

xi = xM,N =
M2

4R2
+R2N2, M,N 2 Z

Ginsparg 1988



𝑋

𝑇 →∞,
𝐸! = 𝐸"のとき𝑋 = 2

1st PT in 𝛽 = 0 − 0.5
parameter

𝑁# = 226, 𝑁$ = 120, 
𝐷𝑐 = 128, 𝜃 = 𝜋

bond-weight TRG, k = −1/2
D. Adachi, T. Okubo, and S. Todo,
Phys. Rev. B 105, L060402(2022)



Nature of transition at 𝛽 = 0.1
Kawauchi+ST 2017

For 𝛽 = 0.1
𝑎 = 1.0000(9) ⇒ 1st PT

� =
1

V

@2

@✓2
logZ(✓)|✓=⇡ / V a

<latexit sha1_base64="ySOHOxmKGvDnpLw6ACjCoTTmARQ="></latexit>

⇢
1st : a = 1
2nd : a = �/⌫ < 1

<latexit sha1_base64="KgLbrIecDn3lQBNRdwrvv0+lOLg="></latexit>

𝐷!"# = 64, TRG for coarse-graining

0

1st

0.1 � � 1/g
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2�
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Previous study of phase structure

�0

1st PT

?2nd PT

Haldane’s conjecture : mass gap of O(3) vanishes at θ=π
≅CP(1)

O(3) + θ was intensively studied by MC and Haldane’s conjecture is confirmed
And universality class is consistent with k=1 WZNW model

Bietenholtz et al. 1995, Wiese et al. 2012, de Forcrand et al. 2012, Azcoiti et al. 2012, Alles et al. 2014

Haldane 1983

� � 1/g

Wess & Zumino 1971, Novikov 1981, Witten 1984

�

2�
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Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)



Tijkl
<latexit sha1_base64="bBHM0HB7Lo4VH4ckb7q9R1GGWXc=">AAAB73icbVBNS8NAEJ3Ur1q/qj2KsFgEQShJBfVY8OKxQtMW2lA22027drOJuxuhhP4JLx6U4tW/481f4V9wm/agrQ8GHu/NMDPPjzlT2ra/rNza+sbmVn67sLO7t39QPDxqqiiRhLok4pFs+1hRzgR1NdOctmNJcehz2vJHtzO/9USlYpFo6HFMvRAPBAsYwdpI7UYvZQ8jPukVy3bFzoBWibMg5drJtHThfqN6r/jZ7UckCanQhGOlOo4day/FUjPC6aTQTRSNMRnhAe0YKnBIlZdm907QmVH6KIikKaFRpv6eSHGo1Dj0TWeI9VAtezPxP6+T6ODGS5mIE00FmS8KEo50hGbPoz6TlGg+NgQTycytiAyxxESbiAomBGf55VXSrFacy0r13qRxBXPk4RhO4RwcuIYa3EEdXCDA4Rle4c16tF6sqfU+b81Zi5kS/IH18QPKqJKw</latexit>

⇔

1 � i, j, ... � �
<latexit sha1_base64="xuWxV2VBfqMLcPN26bWAgMNYC1Q=">AAAB/nicbZC7SgNBFIZnvcZ4Ww1WNoNBsAjLbhS0DNhYRjAXyC5hdnI2GTN7YWZWCEvAxjewFy0sFLH1Oex8Dx/AyaXQxB8GPv5zDufM7yecSWXbX8bC4tLyympuLb++sbm1be7s1mWcCgo1GvNYNH0igbMIaoopDs1EAAl9Dg2/fz6qN25ASBZHV2qQgBeSbsQCRonSVtvcc1wOmJWuS5Zl4RG7tMfaZtG27LHwPDhTKFYK3w/3d95TtW1+up2YpiFEinIiZcuxE+VlRChGOQzzbiohIbRPutDSGJEQpJeNzx/iQ+10cBAL/SKFx+7viYyEUg5CX3eGRPXkbG1k/ldrpSo48zIWJamCiE4WBSnHKsajLHCHCaCKDzQQKpi+FdMeEYQqnVheh+DMfnke6mXLObbKlzqNEzRRDu2jA3SEHHSKKugCVVENUZShR/SCXo1b49l4M94nrQvGdKaA/sj4+AGCxped</latexit>

Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)

i
<latexit sha1_base64="IfzSCoXXkB8Y/f3bbhmHpOLIuZE=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpYddYrlpyyM5O9Cu4CSjff00zvtV7xs9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdg4KEqLx0NujEPjNO3w4iaZ7Q9sz93ZGSUKlx6JvKkOihWs4y87+sk+jg2kuZiBONgs4/ChJu68jOtrb7TCLVfGyAUMnMrDYdEkmoNrcpmCO4yyuvQrNSdi/KlbpTql7CXHk4gVM4BxeuoAp3UIMGUEB4ghd4tR6sZ+vNms5Lc9ai5xj+yPr4ATknkaY=</latexit>

j
<latexit sha1_base64="l6YDJY8KamEvREs+agfFU1x5B0o=">AAAB6HicbVA9SwNBEJ3zM8avaEqbwyBYhbsoaBmwsUzAfEByhL3NXLLJ3t6xuyeEI6WVjUVErIT8JDv/hz/AzUehiQ8GHu/NMDPPjzlT2nG+rI3Nre2d3cxedv/g8Og4d3JaV1EiKdZoxCPZ9IlCzgTWNNMcm7FEEvocG/7wbuY3HlEqFokHPYrRC0lPsIBRoo1UHXRyBafozGGvE3dJCuX898fkyZtWOrnPdjeiSYhCU06UarlOrL2USM0ox3G2nSiMCR2SHrYMFSRE5aXzQ8f2hVG6dhBJU0Lbc/X3REpCpUahbzpDovtq1ZuJ/3mtRAe3XspEnGgUdLEoSLitI3v2td1lEqnmI0MIlczcatM+kYRqk03WhOCuvrxO6qWie1UsVU0a17BABs7gHC7BhRsowz1UoAYUEJ5hAq/WwHqx3qz3ReuGtZzJwx9Y0x8rHpDe</latexit>

k
<latexit sha1_base64="T0edoHQVSlf1ZUfG6b0c08oYQDU=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpY9VGvWHLKzkz2KrgLKN18TzO913rFz24/okmIQlNOlOq4Tqy9lEjNKMdJoZsojAkdkQF2DAoSovLS2aAT+8w4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajnLzP+yTqKDay9lIk40Cjr/KEi4rSM729ruM4lU87EBQiUzs9p0SCSh2tymYI7gLq+8Cs1K2b0oV+pOqXoJc+XhBE7hHFy4gircQQ0aQAHhCV7g1Xqwnq03azovzVmLnmP4I+vjBzwvkag=</latexit>

l
<latexit sha1_base64="EQf7VDZckyq4iIMTWMbbL/Q8/Zw=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpYdd4rlpyyM5O9Cu4CSjff00zvtV7xs9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdg4KEqLx0NujEPjNO3w4iaZ7Q9sz93ZGSUKlx6JvKkOihWs4y87+sk+jg2kuZiBONgs4/ChJu68jOtrb7TCLVfGyAUMnMrDYdEkmoNrcpmCO4yyuvQrNSdi/KlbpTql7CXHk4gVM4BxeuoAp3UIMGUEB4ghd4tR6sZ+vNms5Lc9ai5xj+yPr4AT2zkak=</latexit>

Bond dimension



Tijkl
<latexit sha1_base64="bBHM0HB7Lo4VH4ckb7q9R1GGWXc=">AAAB73icbVBNS8NAEJ3Ur1q/qj2KsFgEQShJBfVY8OKxQtMW2lA22027drOJuxuhhP4JLx6U4tW/481f4V9wm/agrQ8GHu/NMDPPjzlT2ra/rNza+sbmVn67sLO7t39QPDxqqiiRhLok4pFs+1hRzgR1NdOctmNJcehz2vJHtzO/9USlYpFo6HFMvRAPBAsYwdpI7UYvZQ8jPukVy3bFzoBWibMg5drJtHThfqN6r/jZ7UckCanQhGOlOo4day/FUjPC6aTQTRSNMRnhAe0YKnBIlZdm907QmVH6KIikKaFRpv6eSHGo1Dj0TWeI9VAtezPxP6+T6ODGS5mIE00FmS8KEo50hGbPoz6TlGg+NgQTycytiAyxxESbiAomBGf55VXSrFacy0r13qRxBXPk4RhO4RwcuIYa3EEdXCDA4Rle4c16tF6sqfU+b81Zi5kS/IH18QPKqJKw</latexit>

⇔

1 � i, j, ... � �
<latexit sha1_base64="xuWxV2VBfqMLcPN26bWAgMNYC1Q=">AAAB/nicbZC7SgNBFIZnvcZ4Ww1WNoNBsAjLbhS0DNhYRjAXyC5hdnI2GTN7YWZWCEvAxjewFy0sFLH1Oex8Dx/AyaXQxB8GPv5zDufM7yecSWXbX8bC4tLyympuLb++sbm1be7s1mWcCgo1GvNYNH0igbMIaoopDs1EAAl9Dg2/fz6qN25ASBZHV2qQgBeSbsQCRonSVtvcc1wOmJWuS5Zl4RG7tMfaZtG27LHwPDhTKFYK3w/3d95TtW1+up2YpiFEinIiZcuxE+VlRChGOQzzbiohIbRPutDSGJEQpJeNzx/iQ+10cBAL/SKFx+7viYyEUg5CX3eGRPXkbG1k/ldrpSo48zIWJamCiE4WBSnHKsajLHCHCaCKDzQQKpi+FdMeEYQqnVheh+DMfnke6mXLObbKlzqNEzRRDu2jA3SEHHSKKugCVVENUZShR/SCXo1b49l4M94nrQvGdKaA/sj4+AGCxped</latexit>

= M(ij)(kl)
<latexit sha1_base64="JQWmKayDtdQzRr4sm+mmYGEe5ac=">AAAB9HicbVC7SgNBFL3rMyY+opY2o0FImrAbQW2EgI2NEsE8IFnC7GSSjJmdXWdmA2HJN1jaWChiK36IlZ2F/+LkUWjigQuHc+7l3nu8kDOlbfvLWlhcWl5ZTawlU+sbm1vp7Z2KCiJJaJkEPJA1DyvKmaBlzTSntVBS7HucVr3e+civ9qlULBA3ehBS18cdwdqMYG0k9+yyGWfZbS7b47lhM52x8/YYaJ44U5Ip7n9f3b+nPkrN9GejFZDIp0ITjpWqO3ao3RhLzQinw2QjUjTEpIc7tG6owD5Vbjw+eogOjdJC7UCaEhqN1d8TMfaVGvie6fSx7qpZbyT+59Uj3T51YybCSFNBJovaEUc6QKMEUItJSjQfGIKJZOZWRLpYYqJNTkkTgjP78jypFPLOUb5wbdI4hgkSsAcHkAUHTqAIF1CCMhC4gwd4gmerbz1aL9brpHXBms7swh9Ybz83ZZS/</latexit>

i
<latexit sha1_base64="IfzSCoXXkB8Y/f3bbhmHpOLIuZE=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpYddYrlpyyM5O9Cu4CSjff00zvtV7xs9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdg4KEqLx0NujEPjNO3w4iaZ7Q9sz93ZGSUKlx6JvKkOihWs4y87+sk+jg2kuZiBONgs4/ChJu68jOtrb7TCLVfGyAUMnMrDYdEkmoNrcpmCO4yyuvQrNSdi/KlbpTql7CXHk4gVM4BxeuoAp3UIMGUEB4ghd4tR6sZ+vNms5Lc9ai5xj+yPr4ATknkaY=</latexit>

j
<latexit sha1_base64="l6YDJY8KamEvREs+agfFU1x5B0o=">AAAB6HicbVA9SwNBEJ3zM8avaEqbwyBYhbsoaBmwsUzAfEByhL3NXLLJ3t6xuyeEI6WVjUVErIT8JDv/hz/AzUehiQ8GHu/NMDPPjzlT2nG+rI3Nre2d3cxedv/g8Og4d3JaV1EiKdZoxCPZ9IlCzgTWNNMcm7FEEvocG/7wbuY3HlEqFokHPYrRC0lPsIBRoo1UHXRyBafozGGvE3dJCuX898fkyZtWOrnPdjeiSYhCU06UarlOrL2USM0ox3G2nSiMCR2SHrYMFSRE5aXzQ8f2hVG6dhBJU0Lbc/X3REpCpUahbzpDovtq1ZuJ/3mtRAe3XspEnGgUdLEoSLitI3v2td1lEqnmI0MIlczcatM+kYRqk03WhOCuvrxO6qWie1UsVU0a17BABs7gHC7BhRsowz1UoAYUEJ5hAq/WwHqx3qz3ReuGtZzJwx9Y0x8rHpDe</latexit>

k
<latexit sha1_base64="T0edoHQVSlf1ZUfG6b0c08oYQDU=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpY9VGvWHLKzkz2KrgLKN18TzO913rFz24/okmIQlNOlOq4Tqy9lEjNKMdJoZsojAkdkQF2DAoSovLS2aAT+8w4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajnLzP+yTqKDay9lIk40Cjr/KEi4rSM729ruM4lU87EBQiUzs9p0SCSh2tymYI7gLq+8Cs1K2b0oV+pOqXoJc+XhBE7hHFy4gircQQ0aQAHhCV7g1Xqwnq03azovzVmLnmP4I+vjBzwvkag=</latexit>

l
<latexit sha1_base64="EQf7VDZckyq4iIMTWMbbL/Q8/Zw=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpYdd4rlpyyM5O9Cu4CSjff00zvtV7xs9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdg4KEqLx0NujEPjNO3w4iaZ7Q9sz93ZGSUKlx6JvKkOihWs4y87+sk+jg2kuZiBONgs4/ChJu68jOtrb7TCLVfGyAUMnMrDYdEkmoNrcpmCO4yyuvQrNSdi/KlbpTql7CXHk4gVM4BxeuoAp3UIMGUEB4ghd4tR6sZ+vNms5Lc9ai5xj+yPr4AT2zkak=</latexit>

�2 � �2 matrix
<latexit sha1_base64="Xy4UhpPkOFXmrpSRiAtkZXwjaLc=">AAACCnicbVC7SgNBFJ2NrxhfqyltRoNgIWE3CloGbCwjmAdk1zA7mU2GzMwuM7NiWFKKjaW9YG9joYitX2Dnf/gBTh6FJh64cDjnXu69J4gZVdpxvqzM3PzC4lJ2Obeyura+YW9u1VSUSEyqOGKRbARIEUYFqWqqGWnEkiAeMFIPeqdDv35FpKKRuND9mPgcdQQNKUbaSC17x8NdelnyNOVETfgBTD3JIUda0utByy44RWcEOEvcCSmU898P9zf+Y6Vlf3rtCCecCI0ZUqrpOrH2UyQ1xYwMcl6iSIxwD3VI01CBzGY/Hb0ygHtGacMwkqaEhiP190SKuFJ9HphOc19XTXtD8T+vmejwxE+piBNNBB4vChMGdQSHucA2lQRr1jcEYUnNrRB3kURYm/RyJgR3+uVZUisV3cNi6dykcQTGyIJtsAv2gQuOQRmcgQqoAgxuwRN4Aa/WnfVsvVnv49aMNZnJgz+wPn4ADleeMw==</latexit>

Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)



Tijkl
<latexit sha1_base64="bBHM0HB7Lo4VH4ckb7q9R1GGWXc=">AAAB73icbVBNS8NAEJ3Ur1q/qj2KsFgEQShJBfVY8OKxQtMW2lA22027drOJuxuhhP4JLx6U4tW/481f4V9wm/agrQ8GHu/NMDPPjzlT2ra/rNza+sbmVn67sLO7t39QPDxqqiiRhLok4pFs+1hRzgR1NdOctmNJcehz2vJHtzO/9USlYpFo6HFMvRAPBAsYwdpI7UYvZQ8jPukVy3bFzoBWibMg5drJtHThfqN6r/jZ7UckCanQhGOlOo4day/FUjPC6aTQTRSNMRnhAe0YKnBIlZdm907QmVH6KIikKaFRpv6eSHGo1Dj0TWeI9VAtezPxP6+T6ODGS5mIE00FmS8KEo50hGbPoz6TlGg+NgQTycytiAyxxESbiAomBGf55VXSrFacy0r13qRxBXPk4RhO4RwcuIYa3EEdXCDA4Rle4c16tF6sqfU+b81Zi5kS/IH18QPKqJKw</latexit>

⇔ = M(ij)(kl)
<latexit sha1_base64="JQWmKayDtdQzRr4sm+mmYGEe5ac=">AAAB9HicbVC7SgNBFL3rMyY+opY2o0FImrAbQW2EgI2NEsE8IFnC7GSSjJmdXWdmA2HJN1jaWChiK36IlZ2F/+LkUWjigQuHc+7l3nu8kDOlbfvLWlhcWl5ZTawlU+sbm1vp7Z2KCiJJaJkEPJA1DyvKmaBlzTSntVBS7HucVr3e+civ9qlULBA3ehBS18cdwdqMYG0k9+yyGWfZbS7b47lhM52x8/YYaJ44U5Ip7n9f3b+nPkrN9GejFZDIp0ITjpWqO3ao3RhLzQinw2QjUjTEpIc7tG6owD5Vbjw+eogOjdJC7UCaEhqN1d8TMfaVGvie6fSx7qpZbyT+59Uj3T51YybCSFNBJovaEUc6QKMEUItJSjQfGIKJZOZWRLpYYqJNTkkTgjP78jypFPLOUb5wbdI4hgkSsAcHkAUHTqAIF1CCMhC4gwd4gmerbz1aL9brpHXBms7swh9Ybz83ZZS/</latexit>

Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)

M � C�2��2

<latexit sha1_base64="G7bBxr0llrOKkzZdivfGihLSVEs=">AAACEHicbVC7SgNBFJ2NrxhfUUstBqNgIWE3CtoZSGMjRDAPyCZhdjKbDJmZXWZmlbDkBywt/Qrt1EZs7S38GXGSTaGJBy4czrmXe+/xQkaVtu0vKzU3v7C4lF7OrKyurW9kN7eqKogkJhUcsEDWPaQIo4JUNNWM1ENJEPcYqXn90siv3RCpaCCu9SAkTY66gvoUI22kdnb/0qUCuhzpnufFpWErdnGPtgquppyohA/b2Zydt8eAs8SZkNz59+7tQ7/8VG5nP91OgCNOhMYMKdVw7FA3YyQ1xYwMM26kSIhwH3VJw1CBzK5mPP5mCA+M0oF+IE0JDcfq74kYcaUG3DOdo7PVtDcSjzz+n92ItH/WjKkII00ETnb5EYM6gKN0YIdKgjUbGIKwpOZciHtIIqxNhhmTgzP99SypFvLOcb5wZeeKJyBBGuyAPXAIHHAKiuAClEEFYHAHHsELeLXurWfrzXpPWlPWZGYb/IH18QO5yKCh</latexit>

i
<latexit sha1_base64="IfzSCoXXkB8Y/f3bbhmHpOLIuZE=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpYddYrlpyyM5O9Cu4CSjff00zvtV7xs9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdg4KEqLx0NujEPjNO3w4iaZ7Q9sz93ZGSUKlx6JvKkOihWs4y87+sk+jg2kuZiBONgs4/ChJu68jOtrb7TCLVfGyAUMnMrDYdEkmoNrcpmCO4yyuvQrNSdi/KlbpTql7CXHk4gVM4BxeuoAp3UIMGUEB4ghd4tR6sZ+vNms5Lc9ai5xj+yPr4ATknkaY=</latexit>

j
<latexit sha1_base64="l6YDJY8KamEvREs+agfFU1x5B0o=">AAAB6HicbVA9SwNBEJ3zM8avaEqbwyBYhbsoaBmwsUzAfEByhL3NXLLJ3t6xuyeEI6WVjUVErIT8JDv/hz/AzUehiQ8GHu/NMDPPjzlT2nG+rI3Nre2d3cxedv/g8Og4d3JaV1EiKdZoxCPZ9IlCzgTWNNMcm7FEEvocG/7wbuY3HlEqFokHPYrRC0lPsIBRoo1UHXRyBafozGGvE3dJCuX898fkyZtWOrnPdjeiSYhCU06UarlOrL2USM0ox3G2nSiMCR2SHrYMFSRE5aXzQ8f2hVG6dhBJU0Lbc/X3REpCpUahbzpDovtq1ZuJ/3mtRAe3XspEnGgUdLEoSLitI3v2td1lEqnmI0MIlczcatM+kYRqk03WhOCuvrxO6qWie1UsVU0a17BABs7gHC7BhRsowz1UoAYUEJ5hAq/WwHqx3qz3ReuGtZzJwx9Y0x8rHpDe</latexit>

k
<latexit sha1_base64="T0edoHQVSlf1ZUfG6b0c08oYQDU=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpY9VGvWHLKzkz2KrgLKN18TzO913rFz24/okmIQlNOlOq4Tqy9lEjNKMdJoZsojAkdkQF2DAoSovLS2aAT+8w4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajnLzP+yTqKDay9lIk40Cjr/KEi4rSM729ruM4lU87EBQiUzs9p0SCSh2tymYI7gLq+8Cs1K2b0oV+pOqXoJc+XhBE7hHFy4gircQQ0aQAHhCV7g1Xqwnq03azovzVmLnmP4I+vjBzwvkag=</latexit>

l
<latexit sha1_base64="EQf7VDZckyq4iIMTWMbbL/Q8/Zw=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpYdd4rlpyyM5O9Cu4CSjff00zvtV7xs9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdg4KEqLx0NujEPjNO3w4iaZ7Q9sz93ZGSUKlx6JvKkOihWs4y87+sk+jg2kuZiBONgs4/ChJu68jOtrb7TCLVfGyAUMnMrDYdEkmoNrcpmCO4yyuvQrNSdi/KlbpTql7CXHk4gVM4BxeuoAp3UIMGUEB4ghd4tR6sZ+vNms5Lc9ai5xj+yPr4AT2zkak=</latexit>

unitary matrix

: singular value（non-negative）

Singular Value Decomposition(SVD) 

�1 � �2 � ... � 0
<latexit sha1_base64="F4X4cQwDefSXnEvYZlt6vRSeSco=">AAACBnicbZDLSgMxFIYz9VbrbapLEUKL4GqYqYIuC25cVrQXaMchk2amoUlmSDJCGbpyo4/ixoUibn0Gd76N6WWhrQcSPv7/HJLzhymjSrvut1VYWV1b3yhulra2d3b37PJ+SyWZxKSJE5bITogUYVSQpqaakU4qCeIhI+1weDnx2/dEKpqIWz1Kic9RLGhEMdJGCuyjnqIxR4HXi8kcawYdxzG3G9hV13GnBZfBm0O1bkd3T5WbciOwv3r9BGecCI0ZUqrruan2cyQ1xYyMS71MkRThIYpJ16BAnCg/n64xhsdG6cMokeYIDafq74kccaVGPDSdHOmBWvQm4n9eN9PRhZ9TkWaaCDx7KMoY1AmcZAL7VBKs2cgAwpKav0I8QBJhbZIrmRC8xZWXoVVzvFOndm3SOAOzKoJDUAEnwAPnoA6uQAM0AQYP4Bm8gjfr0Xqx3q2PWWvBms8cgD9lff4AlsqaDw==</latexit>

Mab =
X

m

Uam�m(V †)mb

<latexit sha1_base64="ZSLC/v3quQnVWySYxHdMR1TvLq8="></latexit>



Tijkl
<latexit sha1_base64="bBHM0HB7Lo4VH4ckb7q9R1GGWXc=">AAAB73icbVBNS8NAEJ3Ur1q/qj2KsFgEQShJBfVY8OKxQtMW2lA22027drOJuxuhhP4JLx6U4tW/481f4V9wm/agrQ8GHu/NMDPPjzlT2ra/rNza+sbmVn67sLO7t39QPDxqqiiRhLok4pFs+1hRzgR1NdOctmNJcehz2vJHtzO/9USlYpFo6HFMvRAPBAsYwdpI7UYvZQ8jPukVy3bFzoBWibMg5drJtHThfqN6r/jZ7UckCanQhGOlOo4day/FUjPC6aTQTRSNMRnhAe0YKnBIlZdm907QmVH6KIikKaFRpv6eSHGo1Dj0TWeI9VAtezPxP6+T6ODGS5mIE00FmS8KEo50hGbPoz6TlGg+NgQTycytiAyxxESbiAomBGf55VXSrFacy0r13qRxBXPk4RhO4RwcuIYa3EEdXCDA4Rle4c16tF6sqfU+b81Zi5kS/IH18QPKqJKw</latexit>

⇔ = M(ij)(kl)
<latexit sha1_base64="JQWmKayDtdQzRr4sm+mmYGEe5ac=">AAAB9HicbVC7SgNBFL3rMyY+opY2o0FImrAbQW2EgI2NEsE8IFnC7GSSjJmdXWdmA2HJN1jaWChiK36IlZ2F/+LkUWjigQuHc+7l3nu8kDOlbfvLWlhcWl5ZTawlU+sbm1vp7Z2KCiJJaJkEPJA1DyvKmaBlzTSntVBS7HucVr3e+civ9qlULBA3ehBS18cdwdqMYG0k9+yyGWfZbS7b47lhM52x8/YYaJ44U5Ip7n9f3b+nPkrN9GejFZDIp0ITjpWqO3ao3RhLzQinw2QjUjTEpIc7tG6owD5Vbjw+eogOjdJC7UCaEhqN1d8TMfaVGvie6fSx7qpZbyT+59Uj3T51YybCSFNBJovaEUc6QKMEUItJSjQfGIKJZOZWRLpYYqJNTkkTgjP78jypFPLOUb5wbdI4hgkSsAcHkAUHTqAIF1CCMhC4gwd4gmerbz1aL9brpHXBms7swh9Ybz83ZZS/</latexit>

=
�2�

m=1

U(ij)m�mV †
m(kl)

<latexit sha1_base64="CZLqzXh/bPqithU7V/Yh3AWFLTw="></latexit>

=<latexit sha1_base64="mB2RDqDzuOST73ClA/Y4xO9ZmGk=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoXdCGojBmwsEzAXSEKYnZxNxszOLjOzQljyBBZaKGLro+gb2PkYFvZOLoUm/jDw8f/nMOccL+JMacf5tFJLyyura+n1zMbm1vZOdnevpsJYUqzSkIey4RGFnAmsaqY5NiKJJPA41r3B5Tiv36JULBTXehhhOyA9wXxGiTZW5byTzTkFZyJ7EdwZ5C6+3u5b+e/3cif70eqGNA5QaMqJUk3XiXQ7IVIzynGUacUKI0IHpIdNg4IEqNrJZNCRfWScru2H0jyh7Yn7uyMhgVLDwDOVAdF9NZ+Nzf+yZqz9s3bCRBRrFHT6kR9zW4f2eGu7yyRSzYcGCJXMzGrTPpGEanObjDmCO7/yItSKBfe4UKw4udIJTJWGAziEPLhwCiW4gjJUgQLCHTzCk3VjPVjP1su0NGXNevbhj6zXH+kYkXI=</latexit> m
<latexit sha1_base64="r5u3ECp1anYJ5DeaxMHNiyxDSUI=">AAAB6HicbZDLSgMxFIYzXmu9VV26CRahqzJTQd1ZcOOyBXuBdiiZ9Ewbm2SGJCOUoU/gQheKuPVR9A3c+Rgu3JteFtr6Q+Dj/88h55wg5kwb1/10lpZXVtfWMxvZza3tnd3c3n5dR4miUKMRj1QzIBo4k1AzzHBoxgqICDg0gsHlOG/cgtIsktdmGIMvSE+ykFFirFUVnVzeLboT4UXwZpC/+Hq7bxe+3yud3Ee7G9FEgDSUE61bnhsbPyXKMMphlG0nGmJCB6QHLYuSCNB+Ohl0hI+t08VhpOyTBk/c3x0pEVoPRWArBTF9PZ+Nzf+yVmLCcz9lMk4MSDr9KEw4NhEeb427TAE1fGiBUMXsrJj2iSLU2Ntk7RG8+ZUXoV4qeifFUtXNl0/RVBl0iI5QAXnoDJXRFaqgGqII0B16RE/OjfPgPDsv09IlZ9ZzgP7Ief0BMeeRog==</latexit>

U
�

�
<latexit sha1_base64="Be3xuanl5U4+nf2IFEBt7qeElJo=">AAAB9XicbVBNS8NAEJ3Ur1q/qj2KECyCXkpSBT0WvHisYNpCE8tmu2mX7m7i7kYpof/DiwdFPAn+F2+CP8btx0FbHww83pthZl6YMKq043xZuaXlldW1/HphY3Nre6e4u9dQcSox8XDMYtkKkSKMCuJpqhlpJZIgHjLSDAeXY795T6SisbjRw4QEHPUEjShG2ki3nq/upM58RXscjTrFslNxJrAXiTsj5Vrp/eDkW/r1TvHT78Y45URozJBSbddJdJAhqSlmZFTwU0UShAeoR9qGCsSJCrLJ1SP7yChdO4qlKaHtifp7IkNcqSEPTSdHuq/mvbH4n9dOdXQRZFQkqSYCTxdFKbN1bI8jsLtUEqzZ0BCEJTW32riPJMLaBFUwIbjzLy+SRrXinlaq1yaNM5giD/twCMfgwjnU4Arq4AEGCY/wDC/Wg/VkvVpv09acNZspwR9YHz8LOpXH</latexit>

V †��
<latexit sha1_base64="852srQJy6EDSOaMcP7JtoLuj9lY=">AAAB/HicbVDLSsNAFJ3UV62vaJciDBZBNyWpgi4LblxWsA9oYplMJunQmUmcmQgl1F9x40JRt36IO8GPcfpYaOuBC4dz7uXee4KUUaUd58sqLC2vrK4V10sbm1vbO/buXkslmcSkiROWyE6AFGFUkKammpFOKgniASPtYHA59tv3RCqaiBs9TInPUSxoRDHSRurZ5datF6LYU3dS556iMUejnl1xqs4EcJG4M1Kpl98OTr6l1+jZn16Y4IwToTFDSnVdJ9V+jqSmmJFRycsUSREeoJh0DRWIE+Xnk+NH8MgoIYwSaUpoOFF/T+SIKzXkgenkSPfVvDcW//O6mY4u/JyKNNNE4OmiKGNQJ3CcBAypJFizoSEIS2puhbiPJMLa5FUyIbjzLy+SVq3qnlZr1yaNMzBFEeyDQ3AMXHAO6uAKNEATYDAEj+AZvFgP1pP1ar1PWwvWbKYM/sD6+AE865gR</latexit>

SVD

Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)

M � C�2��2

<latexit sha1_base64="G7bBxr0llrOKkzZdivfGihLSVEs=">AAACEHicbVC7SgNBFJ2NrxhfUUstBqNgIWE3CtoZSGMjRDAPyCZhdjKbDJmZXWZmlbDkBywt/Qrt1EZs7S38GXGSTaGJBy4czrmXe+/xQkaVtu0vKzU3v7C4lF7OrKyurW9kN7eqKogkJhUcsEDWPaQIo4JUNNWM1ENJEPcYqXn90siv3RCpaCCu9SAkTY66gvoUI22kdnb/0qUCuhzpnufFpWErdnGPtgquppyohA/b2Zydt8eAs8SZkNz59+7tQ7/8VG5nP91OgCNOhMYMKdVw7FA3YyQ1xYwMM26kSIhwH3VJw1CBzK5mPP5mCA+M0oF+IE0JDcfq74kYcaUG3DOdo7PVtDcSjzz+n92ItH/WjKkII00ETnb5EYM6gKN0YIdKgjUbGIKwpOZciHtIIqxNhhmTgzP99SypFvLOcb5wZeeKJyBBGuyAPXAIHHAKiuAClEEFYHAHHsELeLXurWfrzXpPWlPWZGYb/IH18QO5yKCh</latexit>

⇒ TN is sign-problem-free

i
<latexit sha1_base64="IfzSCoXXkB8Y/f3bbhmHpOLIuZE=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpYddYrlpyyM5O9Cu4CSjff00zvtV7xs9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdg4KEqLx0NujEPjNO3w4iaZ7Q9sz93ZGSUKlx6JvKkOihWs4y87+sk+jg2kuZiBONgs4/ChJu68jOtrb7TCLVfGyAUMnMrDYdEkmoNrcpmCO4yyuvQrNSdi/KlbpTql7CXHk4gVM4BxeuoAp3UIMGUEB4ghd4tR6sZ+vNms5Lc9ai5xj+yPr4ATknkaY=</latexit>

j
<latexit sha1_base64="l6YDJY8KamEvREs+agfFU1x5B0o=">AAAB6HicbVA9SwNBEJ3zM8avaEqbwyBYhbsoaBmwsUzAfEByhL3NXLLJ3t6xuyeEI6WVjUVErIT8JDv/hz/AzUehiQ8GHu/NMDPPjzlT2nG+rI3Nre2d3cxedv/g8Og4d3JaV1EiKdZoxCPZ9IlCzgTWNNMcm7FEEvocG/7wbuY3HlEqFokHPYrRC0lPsIBRoo1UHXRyBafozGGvE3dJCuX898fkyZtWOrnPdjeiSYhCU06UarlOrL2USM0ox3G2nSiMCR2SHrYMFSRE5aXzQ8f2hVG6dhBJU0Lbc/X3REpCpUahbzpDovtq1ZuJ/3mtRAe3XspEnGgUdLEoSLitI3v2td1lEqnmI0MIlczcatM+kYRqk03WhOCuvrxO6qWie1UsVU0a17BABs7gHC7BhRsowz1UoAYUEJ5hAq/WwHqx3qz3ReuGtZzJwx9Y0x8rHpDe</latexit>

k
<latexit sha1_base64="T0edoHQVSlf1ZUfG6b0c08oYQDU=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpY9VGvWHLKzkz2KrgLKN18TzO913rFz24/okmIQlNOlOq4Tqy9lEjNKMdJoZsojAkdkQF2DAoSovLS2aAT+8w4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajnLzP+yTqKDay9lIk40Cjr/KEi4rSM729ruM4lU87EBQiUzs9p0SCSh2tymYI7gLq+8Cs1K2b0oV+pOqXoJc+XhBE7hHFy4gircQQ0aQAHhCV7g1Xqwnq03azovzVmLnmP4I+vjBzwvkag=</latexit>

l
<latexit sha1_base64="EQf7VDZckyq4iIMTWMbbL/Q8/Zw=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpYdd4rlpyyM5O9Cu4CSjff00zvtV7xs9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdg4KEqLx0NujEPjNO3w4iaZ7Q9sz93ZGSUKlx6JvKkOihWs4y87+sk+jg2kuZiBONgs4/ChJu68jOtrb7TCLVfGyAUMnMrDYdEkmoNrcpmCO4yyuvQrNSdi/KlbpTql7CXHk4gVM4BxeuoAp3UIMGUEB4ghd4tR6sZ+vNms5Lc9ai5xj+yPr4AT2zkak=</latexit>

unitary matrix

: singular value（non-negative）

Singular Value Decomposition(SVD) 

�1 � �2 � ... � 0
<latexit sha1_base64="F4X4cQwDefSXnEvYZlt6vRSeSco=">AAACBnicbZDLSgMxFIYz9VbrbapLEUKL4GqYqYIuC25cVrQXaMchk2amoUlmSDJCGbpyo4/ixoUibn0Gd76N6WWhrQcSPv7/HJLzhymjSrvut1VYWV1b3yhulra2d3b37PJ+SyWZxKSJE5bITogUYVSQpqaakU4qCeIhI+1weDnx2/dEKpqIWz1Kic9RLGhEMdJGCuyjnqIxR4HXi8kcawYdxzG3G9hV13GnBZfBm0O1bkd3T5WbciOwv3r9BGecCI0ZUqrruan2cyQ1xYyMS71MkRThIYpJ16BAnCg/n64xhsdG6cMokeYIDafq74kccaVGPDSdHOmBWvQm4n9eN9PRhZ9TkWaaCDx7KMoY1AmcZAL7VBKs2cgAwpKav0I8QBJhbZIrmRC8xZWXoVVzvFOndm3SOAOzKoJDUAEnwAPnoA6uQAM0AQYP4Bm8gjfr0Xqx3q2PWWvBms8cgD9lff4AlsqaDw==</latexit>

Mab =
X

m

Uam�m(V †)mb

<latexit sha1_base64="ZSLC/v3quQnVWySYxHdMR1TvLq8="></latexit>



Tijkl
<latexit sha1_base64="bBHM0HB7Lo4VH4ckb7q9R1GGWXc=">AAAB73icbVBNS8NAEJ3Ur1q/qj2KsFgEQShJBfVY8OKxQtMW2lA22027drOJuxuhhP4JLx6U4tW/481f4V9wm/agrQ8GHu/NMDPPjzlT2ra/rNza+sbmVn67sLO7t39QPDxqqiiRhLok4pFs+1hRzgR1NdOctmNJcehz2vJHtzO/9USlYpFo6HFMvRAPBAsYwdpI7UYvZQ8jPukVy3bFzoBWibMg5drJtHThfqN6r/jZ7UckCanQhGOlOo4day/FUjPC6aTQTRSNMRnhAe0YKnBIlZdm907QmVH6KIikKaFRpv6eSHGo1Dj0TWeI9VAtezPxP6+T6ODGS5mIE00FmS8KEo50hGbPoz6TlGg+NgQTycytiAyxxESbiAomBGf55VXSrFacy0r13qRxBXPk4RhO4RwcuIYa3EEdXCDA4Rle4c16tF6sqfU+b81Zi5kS/IH18QPKqJKw</latexit>

⇔ = M(ij)(kl)
<latexit sha1_base64="JQWmKayDtdQzRr4sm+mmYGEe5ac=">AAAB9HicbVC7SgNBFL3rMyY+opY2o0FImrAbQW2EgI2NEsE8IFnC7GSSjJmdXWdmA2HJN1jaWChiK36IlZ2F/+LkUWjigQuHc+7l3nu8kDOlbfvLWlhcWl5ZTawlU+sbm1vp7Z2KCiJJaJkEPJA1DyvKmaBlzTSntVBS7HucVr3e+civ9qlULBA3ehBS18cdwdqMYG0k9+yyGWfZbS7b47lhM52x8/YYaJ44U5Ip7n9f3b+nPkrN9GejFZDIp0ITjpWqO3ao3RhLzQinw2QjUjTEpIc7tG6owD5Vbjw+eogOjdJC7UCaEhqN1d8TMfaVGvie6fSx7qpZbyT+59Uj3T51YybCSFNBJovaEUc6QKMEUItJSjQfGIKJZOZWRLpYYqJNTkkTgjP78jypFPLOUb5wbdI4hgkSsAcHkAUHTqAIF1CCMhC4gwd4gmerbz1aL9brpHXBms7swh9Ybz83ZZS/</latexit>

�
��

m=1

U(ij)m�mV †
m(kl)

<latexit sha1_base64="AaO4/gMRfG65JaaYspsGE4tBHKM="></latexit>

�
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truncation

Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)
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Singular Value Decomposition(SVD) 
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Tensor network rep. of Z
• Scalar field (non-compact)
– Orthonormal basis expansion
Shimizu mod.phys.lett. A27,1250035(2012), Lay & Rundnick PRL88,057203(2002)

– Gauss Hermite quadrature Sakai et al., JHEP03(2018)141

• Gauge field (compact : SU(N), CP(N) etc.)
– Character expansion : maintain symmetry, better 

convergence   Meurice et al., PRD88,056005(2013)

• Fermion field (Dirac/Majorana)
Shimizu & Kuramashi PRD90,014508(2014), ST & Yoshimura PTEP(2015)043B01

– Grassmann number θ2=0 -> finite sum

depends on property of field and interaction

In principle, we can treat any fields
e�� = 1 + �� =

1�

n=0

(��)n
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Tensor network rep. for 2D Ising

Nearest Neighbor

x y

e.g. 2D Ising model
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Tensor network rep. for 2D Ising

V = # of lattice sites

sx = ±1exp(�sxsy) = cosh(�sxsy) + sinh(�sxsy)
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e.g. 2D Ising model

new d.o.f.
bond variable
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e.g. 2D Ising model
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Tensor network rep. for 2D Ising
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e.g. 2D Ising model

ixw
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Tensor network rep. for 2D Ising

summation is done

new d.o.f. : index of tensor
= Tixyixzixwixv

e.g. 2D Ising model



Tensor network rep. for 2D Ising

Z = 2V (cosh�)2V
�

..,i,j,k,l,m,n,o,..

· · ·TijklTmnio · · ·
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size and elements of tensor depend on a model

e.g. 2D Ising model



MC TRG
Boltzmann weight is 
interpreted as probability

Tensor network rep. of partition 
function (no probability
interpretation)

Importance sampling Compression of tensor by SVD,
Optimization

Statistical errors Systematic errors (truncated SVD)

Sign problem may appear No sign problem
∵ no probability

Critical slowing down Efficiency of compression gets 
worse around criticality

can be improved by TNR, Loop-TNR in 2D system
Evenbly & Vidal 2014, Gu et al., 2015



Space of theory

Sign problem

No sign problem

No entanglement problem

Entanglement problem

From point of view of TN
From point of view of MC

Is there a region where any method cannot access ?

Is entanglement problem NP-hard ?
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L = 2#RG step

T<Tc

T>Tc

Tc

Hierarchy of singular value
2D Ising model

• Off criticality: good hierarchy (small S)
• Near criticality: hierarchy gets worse (large S) like critical slowing 

down in MC
Tensor network renormalization (TNR) Evenbly&Vidal 2014 can help the situation

Tc = 2/[ln(1 +
�

2)]
= 2.269...



Renormalization group TRG

s

H(K; {s}) =
�

i

KiOi({s})

i, j, k, l

Tijkl(K)

Z =
�

{s}
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Block spin transf., Migdal-Kadanoff RG SVD + contraction

K � = RK(K)
K� = RK(K�)

T � = RT (T )

Kadanoff et al, Rev.Mod.Phys.86,647(2014)

T � = RT (T �)
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：fixed point ：fixed point tensor



SVD
rank-k m× n real matrix A ( m ≥ n ≥ k ) is given by

A = U�V T

U ： m× m orthonormal matrix :  U=(u1, u2,…, um), UTU=UUT= Im
V ： n× n orthonormal matrix :  V=(v1, v2,…, vn), VTV=VVT=In

A =
k�

l=1

�lulv
T
l Decomposition using rank-1 tensor

Λ ： m× n diagonal matrix :  Λ=diag(σ1, σ2,…, σn) 

where σ1 ≥ σ2 ≥ … ≥ σk > σk+1 = … = σn = 0) 

(full SVD)

For simplicity



Best approximation of A ?

truncated at r 
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l =B
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