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(@; Plan of talk

Brief Introduction to Tensor Renormalization Group(TRG)
Current Status of TRG Application to QFTs
(1+1)-dimensional U(1) gauge-Higgs model w/ 8-term

— Pure U(1) gauge theory w/ M — o

— Determination of critical endpoint M,

Summary



Tensor Renormalization Group (TRG)

Levin-Nave
: : , _ , _ PRL99(2007)120601
Explain the algorithm with 2D Ising model with N sites K
T T
Hamiltonian H = Z SiS; S; 4+ 1 p a o
(2,7) 5
T T
Partition Function 7 = > exp(—(H) Y ! )
{si} X T
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Tensor Network representation

Details of model are specified in initial tensor
The algorithmic procedure is independent of models

Of course, direct contraction is impossible for large N even with current

fastest supercomputer
= How to evaluate the partition function?



Schematic View of TRG Algorithm

1. Singular Value Decomposition of local tensor T
2. Contraction of old tensor indices (coarse-graining)
3. Repeat the iteration

Tensor Network Renormalization Group Keep largest D, components
Singular Value Decomposition = Reduction of d.o.f.
T=UAV'
VAU g

T -
Tensor Network + .
Cycle \ / Contraction

Large lattice can be mapped - >< Tensors o
to small lattice! W/ new indices

#sites are reduced to half 4




TRG vs Monte Carlo

antithetical principles

Monte Carlo TRG
stochastic < > deterministic

Advantages of TRG
* Free from sign problem/complex action problem in MC method

Z = [ D¢ exp(—Sgel¢] + iSim[¢])

= Computational cost for LP system size < D X log(L)
* Direct manipulation of Grassmann numbers
- Direct evaluation of partition function Z (density matrix p) itself

Applications in particle physics:

Finite density QCD, QFTs w/ 6-term, Lattice SUSY etc.
Also, in condensed matter physics
Hubbard model (Mott transition, High Tc superconductivity) etc.
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@ 4 TRG Approaches to QFTs (1)

2d models w/ sign problem

Real ¢* theory:
Kadoh-YK-Nakamura-Sakai-Takeda-Yoshimura, JHEP05(2019)184
Complex ¢*theory w/ uz0:
Kadoh-YK-Nakamura-Sakai-Takeda-Yoshimura, JHEP02(2020)161
U(1) gauge theory w/ 0-term:
YK-Yoshimura, JHEP04(2020)089
Schwinger(2d QED), Schwinger w/ 8-term:
Shimizu-YK, PRD90(2014)014508, 074503, PRD97(2018)034502
N=1 Wess-Zumino model (SUSY):
Kadoh-YK-Nakamura-Sakai-Takeda-Yoshimura, JHEP03(2018)141
SU(2) principal chiral model w/ u#0:
Luo-YK, PRD107(2023)094509
O(3) nonlinear 0 model w/ u#0 and u=0:
Luo-YK, JHEP03(2024)020, arXiv:2406.08865

Application to various models w/ sign problem,
Development of calculational methods for scalar, fermion and gauge fields
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@ 4 TRG Approaches to QFTs (2)

w/ sigh problem
3d models /signp

Z, gauge-Higgs model w/ u#0: Akiyama-YK,JHEP05(2022)102
Real ¢*theory: Akiyama-YK-Yoshimura, PRD104(2021)034507
Z,gauge theory at T#0: YK-Yoshimura, JHEP08(2019)023

4d models

Ising model : Akiyama-YK-Yamashita-Yoshimura, PRD100(2019)054510

Complex ¢*theory w/ uz0 :
Akiyama-Kadoh-YK-Yamashita-Yoshimura, JHEP09(2020)177

NJL model w/ u#0 :
Akiyama-YK-Yamashita-Yoshimura, JHEP01(2021)121

Real ¢* theory: Akiyama-YK-Yoshimura, PRD104(2021)034507

Z, gauge-Higgs model w/ u#0: Akiyama-YK, JHEP05(2022)102

Z; gauge-Higgs model w/ u#0: Akiyama-YK, JHEP10(2023)077

= Research target is shifting from 2d models to 4d ones



S TRG Approaches to QFTs (3)

w/ sign problem

Condensed matter physics
Similarity btw Hubbard models and NJL ones

Action consisting of hopping terms and 4-fermi interaction term

First principle calculation at finite density
(1+1)d Hubbard model: Akiyama-YK, PRD104(2021)014504
(2+1)d Hubbard model: Akiyama-YK-Yamashita, PTEP2022(2022)023101

(1+1)d U(1) gauge Higgs model w/ 8-term imposing Liischer’s admissibility condition
Simultaneous solution to complex action problem
and topological freezing problem

cf. dual simulation w/o Lischer’s admissibility condition

Gattringer+, PRD92(2015)114508, NPB935(2018)344
8
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2 4 Action and expected phase diagram

(1+1)d lattice U(1) gauge—Higgs model w/ 6—term

T dd, d

T n Lischer, NPB549(1999)295
00 otherwise

1 — ReP
Z RePip(n) if “admissible”
Sg — 1 — [1 — RePlg(n)]/e

P,, is plaquette value, link variable:U,(n) = &% 9,(n) € [-m, 7]
Sh=—>_>_[6* mUs(n)p(n+ D) + ¢*(n + 2)U; (n)$(n)]
MY _lom)*+A)_lomn)]".

M=m?+4 6=m
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2 4 Reparametrization of Higgs field

Complex—valued Higgs field is reparameteized by ¢p(n) = ,/l(n)ei‘P(")

ZZQ\/E l(n+ D) cos[p(n+70)—pn +Z [Me(n) + M(n)?]

Choose unitary gauge = eliminate @ (n) variables

=11/ %51 dﬁé”) oxp [-55, - 54~ i
=SS 2/t en + 5 cos b, (n) + Z [Me(n) + Ae(n)?]

Discretization is necessary to construct tensor network representation
Integral over [(n): Gauss—Laguerre quadrature
Integral over 9(n): Gauss—Legendre quadrature



Discretized Action w/ Gauss Quadrature

7 ~ Z(Ky, Kp)

=11 > ~

Y 9, (n)EDy " l(n

E(n)

exp [_@gg _ g 99}

E
No. of sample points: (Kg,Kh), weights: (ng;WZ)

p

~ ~

Z 1 —cosm (ﬁ}(n) -+ ﬁf(n + 1) 191(71 + 2) éf(n)) N
—~1- [1—COS7T<191(n)—|—192(n—|—1) 91 (n +2) — 192(7@))] Je ,

o0 otherwise

lQCQI
I
/N

G __ZZQ\/Z(n)E(n+ﬁ)COSW§ +Z[ +)\€ )]

Zm[ (91 (n)+02 (n+1)—d1 (n+2)—d2(n ))}

Tensor network representation is constructed based on Z(Kj, Ky, )

We employ Bond-Weighted TRG (BTRG) Adachi-Okubo-Todo, PRB105(2022)L0604020



topological charge

10

-10

Topological Freezing Problem

Hybrid Monte Carlo method for Lischer action

pure U(1)@f = 3.4

[ | |
Wilson’s action

15 20 25 30 35 40 45 50
sweeps

topological charge

-10

10

Fukaya-Onogi, PRD63(2003)074503

pure U(1)@p = 1.0,e = 1.0

T T T T T T T L
Luscher’s action

i
N:_Eg h'lPlz(X)

0

5 10 15 20 25 30 35 40 45 50
sweeps

No topology change w/ Lischer action@f = 1.0, = 1.0

Note: Wilson action also has topological freezing problem at larger [



Pure U(1) Gauge Theory w/ 8-term (1)

Pure U(1) gauge = U(1) gauge—Higgs at M— o0

Parameter choice in this work: f = 3.0, ¢ = 1.0

topological charge density: &L — _LolnZ
opological charge adensiIty. V- — — 7>
POIOE & YoV T vV e
0.02 | | T | T | T |
x =2
v =2
L=2
0.01F .
¢ L=2
-L:211
A ;13
L
9OOO— =

_ 1 | 1 | 1 | 1 | 1 | 1
0'08.85 0.90 0.95 1.00 1.05 1.10 1.15
0/n

Clear jump at @ = w/ L > 213 = 1{st order phase transition

Spontaneous Z, symmetry breaking



Pure U(1) Gauge Theory w/ 8-term (2)

Measurement of ground state degeneracy . \en PRB580(2009)155131

(A 4 N X=1: symmetric
A= h (A2?) v Xx: o X=2: broken
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X=2 at 8 = w/ L > 2'3 = Spontaneous Z, symmetry breaking



Pure U(1) Gauge Theory w/ 8-term (3)
Finite size scaling analysis on topological susceptibility

0
XQ = @@ Xpeak (L) = co + c1 LP

103§

- | O TRG
- |— Fit

fit range: L € [4,256V2]

10 1 1 1 1 | 1 1 1 1 1111 1 1 1 1 1 111
10° 10" 10° 10°

L

Fit results: p=2.00001(6), c,=—0.0196(6), c;=0.0009944(3)
= 15t order phase transition (** X . (L) & V)



U(1) Gauge-Higgs Model w/ 8-term (1)

Determination of critical endpoint M, at (8,¢,4) = (3.0,1.0,0.5)

'\e
CEP

0=m
0=0,2m
M =m?+4
m? ”
topological charge density ground state degeneracy@6=m
0.02 - - _
O M=299 | !
O M=3.00 :
ool SOV8000000000 R r— T B
' g . broken
>
& 000 . <t
ol 8 (K, Kp) = (20,20) | symmetric
000000000008 D =160 Y S - OO N _
A R R R R R R R T S N SR N N S ‘
_0'08.85 0.90 0.95 1.00 1.05 1.10 2.990 2.991 2.992 2.993 2.994 2.995 2.996 2.997  2.998 2.999 3.000
0/ M

“37): 2.99 < M, < 3.00 X:2.99747 < M, < 2.99748
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=/ U(1) Gauge-Higgs Model w/ 6-term (2)

Identification of universality class

Use of level spectroscopy Ueda-Oshikawa, PRB104(2021)165132,
eigenvalues of transfer matrix: A, =>4, =2 1, = - PRB108(2023)024413
. . . 1 . Ao(L)
scaling dimension: L)=—In
g xn( ) 2 A (L)

1
L dependence of x.,1, (L) = x,(L) + X2 (L)

0.6 \
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M

Crossing point at M, = 2.99748 agrees w/ 2.99747 < M, < 2.99748 by X



<§;> Summary

(1+1)d U(1) gauge-Higgs model w/ O-term

= Gauge action is constructed w/ Lischer’s admissibility condition

- Suffers from the complex action problem and the topological freezing problem
* TRG is free from both problems

* Critical endpoint at & = m is successfully determined

- Confirm the scaling dimension is consistent w/ the 2d Ising universality class



BACKUP



<@> Bond-Weighted TRG (1)

Adachi-Okubo-Todo, PRB105(2022)L0604020

Levin—Nave TRG: T =~ UoV = (U+Jo)(KaV)

Bond-Weighted TRG (BTRG): T = UgV = Ua 2 )ak(a 2V

— (1-k)/2
A(XO’)’O)J = U (x0,30),i0 1 ’

=k
Bi (x).y) = O1;; Vi

(1-k)/2
C(xo yii — U2(x0 y1),i02i J
k
Fi;j = 6;j02;;,
D: (1-Kk)/2

i,(x1,y0) — 02j; Vzi,(xl,yo)'




S> Bond-Weighted TRG (2)

Comparison of performance

2d Ising model at the critical point on 216x21° |attice

5f — ||fcalc_fexact||
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BTRG outperforms HOTRG and conventional TRG

1 .
k = — seems optimal



