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◉ Tensor renormalization group (TRG)
◇ What is the TRG?
→ TRG is approximated contraction of 
                                   (locally connected) Tensor network.

→ TRG require typical form of the 
                           tensor representation.

    (Should be represented by graph)

◇ What is the Tensor network?
→ Tensors are represented by each lattice points.
→ Indices are represented by line segments.
 =  Each index is only contained in two tensors.

[https://smorita.github.io/TN_animation/]
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Initial tensor network construction
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◉ Tensor network rep. of 2dim Ising
◇ How to find tensor network representation?

(e.g.): 2dim Ising model (Partition function)

Z = ∑
σ

∏
x,y

eσx,yσx+1,y+σx,yσx,y+1 = ∑
σ

∏
x,y

Kσx,yσx+1,yσx,y+1

→ Tensors  do not construct tensor network.
     (Index  is included in three tensors)

Kσx,yσx+1,yσx,y+1

σx,y

Kσx,yσx+1,yσx,y+1
, Kσx−1,yσx,yσx−1,y+1

, Kσx,y−1σx+1,y−1σx,y

◇ Common method: (Taylor) expansion. and  σ2 = 1

Boltzmann
            factor
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◇ Common method: (Taylor) expansion. and  σ2 = 1

W =
cosh(β ), sinh(β )

cosh(β ), − sinh(β )

Z = ∑
σ

∏
x,y

eσx,yσx+1,y+σx,yσx,y+1

= ∑
σ,l,m

∏
x,y

Wσx,y,lx,y
Wσx,y,lx−1,y

Wσx,y,mx,y
Wσx,y,mx,y−1

= ∑
l,m

∏
x,y

K(exp)
lx,ylx−1,ymx,ymx,y−1

Taking summation of  first.σ

x-direction:σ → l
y-direction:σ → m

→ Tensors  construct tensor network.
     (Index  and  are included in two tensors)

K(exp)
lx,ylx−1,ymx,ymx,y−1

lx,y mx,y
K(exp)

lx,ylx−1,ymx,ymx,y−1
, K(exp)

lx+1,ylx,ymx+1,ymx+1,y−1

◉ Tensor network rep. of 2dim Ising
[Z.Y.Xie et al. arXiv:1201.1144]
[H.H.Zhao et al. arXiv:1002.1405]

[Y.Liu et al. arXiv:1307.6543]

eβσx,yσx+1,y =
1

∑
lx,y=0

(cosh(β))1−lx,y(σx,yσx+1,ysinh(β))lx,y =
1

∑
lx,y=0

Wσx,ylx,y
Wσx+1,ylx,y



◇ Key point: Expansion produces tensor network rep.
                      using property, .σ2 = 1

◉ Tensor network rep. by delta matrix

→ Problem: More complicated Boltzmann factor produces 
             complicated form (difficult to find the tensor network).

◇ Our proposal: Index shift by delta matrix.

(e.g.): 2dim Ising model (periodic b.c.)

Z = ∑
σ

∏
x,y

Kσx,yσx+1,yσx,y+1
= ∑

σ,b
∏
x,y

Kσx,yσx+1,ybx,y+1
δbx,y+1σx,y+1

= ∑
σ,b

∏
x,y

Kσx,yσx+1,ybx,y+1
δbx,yσx,y

= ∑
σ,b

∏
x,y

K(delta)
σx,yσx+1,ybx,ybx,y+1

[K. Nakayama, M.Schneider arXiv:2407.14226]

◆ index shift ( ) by y + 1 → y δ

6
→ Tensor network constructed by K(delta)

σx,yσx+1,ybx,ybx,y+1
≡ Kσx,yσx+1,ybx,y+1

× δbx,yσx,y
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◉ Schematic picture of the construction

σx,y σx+1,y

σx,y+1

σ → b Kσx,yσx+1,yσx,y+1
→ K(delta)

σx,yσx+1,ybx,ybx,y+1
σ

x

y

→ This method don’t require any properties (equations).
                                   (e.g. , )σ2 = 1 Kσx,yσx+1,yσx,y+1

= eσx,yσx+1,y+σx,yσx,y+1

Arrows  new indices, .↔ {σ, a}

(1): Dots  original indices, ↔ {σx,y, σx+1,y, σx,y+1}

(2): Draw arrows to connect all dots.

(3): Arrow (except )  Index shift by .σ ↔ δ
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◉ Generalization: J1-J2+α

eh(σx,y+σx+1,y+1+σx+2,y+1+σx+1,y+2)

eg1σx,yσx+2,y+1+g2σx,yσx+1,y+2

et1σx,yσx+2,y+1σx+1,y+2+t2σx,yσx+1,y+1σx+2,y+1+t3σx,yσx+1,y+1σx+1,y+2+t4σx+1,y+1σx+2,y+1σx+1,y+2

eJ1(σx+1,y+1σx+2,y+1+σx+1,y+1σx+1,y+2) eJ2(σx,yσx+1,y+1+σx+2,y+1σx+1,y+2)

ee1σx,yσx+1,y+1σx+2,y+1σx+1,y+2

Kσx,yσx+1,y+1σx+2,y+1σx+1,y+2
→ K′ ′ [σa]x,y[σa]x+1,y[bc]x,y[bc]x,y+1

a

b

c

→ Added red dot is Steiner point.
→ In general: Rectilinear Steiner tree problem 
     (generalization of the traveling salesman problem).
→  has only  indices.K′ ′ 4 × 4 × 4 × 4
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eh(σx,y+σx+1,y+1+σx+2,y+1+σx+1,y+2)

eg1σx,yσx+2,y+1+g2σx,yσx+1,y+2

eJ(x)
1 σx+1,y+1σx+2,y+1+J(y)

1 σx+1,y+1σx+1,y+2

eJ(a)
2 σx,yσx+1,y+1+J(b)

2 σx+2,y+1σx+1,y+2

1-spin

2-spin (J1)

2-spin (J2)

2-spin (g1,g2)

◉ J1-J2+ : Frustrated system with 12 parameters.α
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3-spin t1

et4σx+1,y+1σx+2,y+1σx+1,y+2

et1σx,yσx+2,y+1σx+1,y+2

et2σx,yσx+1,y+1σx+2,y+1

et3σx,yσx+1,y+1σx+1,y+2

3-spin t2

3-spin t3

3-spin t4

◉ J1-J2+ : Frustrated system with 12 parameters.α
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4-spin

ee1σx,yσx+1,y+1σx+2,y+1σx+1,y+2

= K′ ′ [σa]x,y[σa]x+1,y[bc]x,y[bc]x,y+1

◇ Num. of kind of interaction (parameters):

 (
4

∑
k=2

4Ck) + 1 = 24 − 4 = 12
→  has only  indices.K′ ′ 4 × 4 × 4 × 4

◉ J1-J2+ : Frustrated system with 12 parameters.α
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◉ Note: Traveling salesman problem.
◇ Traveling salesman problem (famous NP-hard): 
Find shortest line segments (roads) between dots (towns)
to connect every dots.

◇ Steiner tree problem: 
Traveling salesman + we can freely add dots (town)

◇ Rectilinear Steiner tree problem: (NP-hard (complete))
Steiner tree on the lattice.
      …dots on lattice points, line segments only on the links.

→ Index size of tensor = D(Road length)
ini

→ Long range interaction becomes harder. 
→ Mild long ranges (e.g. plaquette, clover, etc.) are not hard.
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→ Num. of interaction (parameters) order ∼ O(∑ 9Ck = 29)
→  has  indices.K′ ′ 26 × 26 × 27 × 27

◉ Note: (Rectilinear) Steiner tree problem
◇ Rectilinear Steiner tree problem: Find shortest 
line segment on the lattice between dots with additional dots. 
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◇ Common method: (Taylor) expansion. and  σ2 = 1

Z = 2−3V ∑
σ

∏
n,μ>ν

e−βσn,μσn+ ̂μ,νσn+ ̂ν,μσn,ν

e−βσn,μσn+ ̂μ,νσn+ ̂ν,μσn,ν = coshβ
1

∑
p=0

(tanhβ)p(σn,μσn+ ̂μ,νσn+ ̂ν,μσn,ν)p

Z = ∑
g,h,i,j,k,l

∏
n

T(exp)
[gh]x,y,z[gh]x+1,y,z[ij]x,y,z[ij]x,y+1,z[kl]x,y,z[kl]x,y,z+1

T(exp)
[xX][x′ X′ ][yY][y′ Y′ ][zZ][z′ Z′ ] = (coshβ)3 ∑

a,b,c,d,e, f

AcyZeAfzxbAdYXaBbx′ y′ cBaX′ Z′ eBfz′ Y′ d

◇ In general: Any kind of expansion produces tensor network.

(Character for gauge theory, Orthogonal function, Taylor…)

[Y.Liu et al. arXiv:1307.6543]

Apqrs = mod(1 + p + q + r + s,2)

Bpqrs = (tanhβ)(p+q+r+s)/4δpqδprδrs

Figure 1. Tensor network for Eq .(2.7). Dotted lines describe the cubic lattice. Black cubes and
spheres represent B and A, respectively. Red, blue and green bars denote the contractions of the
tensor indices.

We can collect the terms involving a �n,µ and sum over it. For example, the case of �n,0 is

expressed as

X

{�n,0=±1}

�
pn,0,1+pn,0,2+qn�1̂,0,1+qn�2̂,0,2

n,0 = 2A(n,µ=0)
pn,0,1pn,0,2qn�1̂,0,1qn�2̂,0,2

, (2.5)

where

Apqrs = � mod (p+q+r+s,2)=0. (2.6)

So the partition function can be rewritten as the following tensor network representation:

Z = (cosh�)3V
X

{p,q}

Y

n,µ>⌫

B(n,µ⌫)
Y

n,µ

A(n,µ). (2.7)

The connections between tensors are depicted in Fig. 1.

In addition, we reconstruct the tensor network representation to reduce the redundant

degrees of freedom. Taking µ = 0 as the temporal direction and µ = 1, 2 as the spatial ones,

we classify the sites as spatially even sites l with

mod(l1 + l2, 2) = 0 (2.8)

and spatially odd sites m with

mod(m1 +m2, 2) = 1. (2.9)

Let us rearrange the tensors so that all the tensors are collected at the spatially even sites. In

this procedure, we employ the gauge fixing with �m,0 = 1 at the spatially odd sitesm(m0 6= 0).

– 3 –

[Y.Kuramashi, Y.Yoshimura, arXiv:1808.08025]
◉ Tensor network rep. of 3dim Z2 gauge theory
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◉ Tensor network rep. of 3dim Z2 gauge theory

Z = 2−3V ∑
σ

∏
n,μ>ν

e−βσn,μσn+ ̂μ,νσn+ ̂ν,μσn,ν = ∑
σ

∏
n,μ>ν

e−β(xx ̂yyy ̂x+xx ̂z zz ̂x+yy ̂z zz ̂y)/8

yx
zxy

x

z
xy

zy
xz

yz→  are independent with each other.x, y, z

x
x a xy

xz

y
y

b yz

yx

z
z c zx

zy

Kxxyxzyyzyxzzxzy
→ K′ ′ [xb][xb]z[yc][yc]x[za][za]y

→  has only  indices.K′ ′ 4 × 4 × 4 × 4 × 4 × 4

◇ Our proposal: Index shift by delta matrix.
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◉ Critical tempareture of 3dim Z2 gauge theory

→ Our method produces correct result for critical temperature.

3

U�V

U#V

6A:X 8X aT2+B}+ ?2�i Q7 i?2 i?`22@/BK2MbBQM�H Z2 ;�m;2
i?2Q`v 7Q` /Bz2`2Mi BMp2`b2 i2KT2`�im`2b �X h?2 /Qii2/
HBM2 K�`Fb i?2 +`BiB+�H i2KT2`�im`2 �c = 0.6561 +�H+mH�i2/
BM (9)X a?QrM �`2 i?2 `2bmHib Q#i�BM2/ rBi? i?2 b?B7i2/ �h_:
K2i?Q/ Ub22 �TTX 1V �M/ i?2 BMBiB�H i2MbQ`b T (delta) 7`QK
1[X Uk8VX a22 K�BM i2ti 7Q` /2i�BHb Q7 i?2 +�H+mH�iBQMX U�V
rB/2 `�M;2 Q7 �X U#V xQQK@BM �`QmM/ i?2 K�tBKmK p�Hm2X
L2B;?#Q`BM; /�i� TQBMib ~m+im�i2 /m2 iQ i?2 bi�iBbiB+�H 2``Q`b
7`QK i?2 `�M/QKBx2/ ao.X h?2 ;`2v #�M/ Bb i�F2M �b �M 2b@
iBK�i2 Q7 i?2 mM+2`i�BMiv Q7 �cX a22 K�BM i2ti 7Q` /2i�BHbX

bi2T bBx2 �� b?QmH/ i?2`27Q`2 #2 +�`27mHHv +?Qb2M �M/ QT@
iBKBx2/X

6B;m`2 8 b?Qrb i?2 bT2+B}+ ?2�i Q7 i?2 Z2 ;�m;2 i?2@
Q`v rBi? i?2 BMBiB�H i2MbQ` T (delta)X h?2 +`BiB+�H i2K@
T2`�im`2 Bb 7QmM/ iQ #2 �c = 0.6560(3)X h?2 mM+2`@
i�BMiv Bb 2biBK�i2/ #v i?2 bT`2�/ Q7 `2bmHib /m2 iQ i?2
`�M/QKBx2/ ao.X q2 +?QQb2 i?2 mM+2`i�BMiv Q7 �c bm+?
i?�i i?2 H�`;2bi i2M /�i� TQBMib HB2 BM i?2 2``Q` #�M/-
b22 6B;X 9U#VX � KQ`2 +�`27mH bim/v Q7 2``Q` bQm`+2b
rQmH/ #2 M22/2/ B7 QM2 �BKb 7Q` ?B;?2` T`2+BbBQMX 6m`@
i?2` K2i?Q/b iQ BKT`Qp2 i?2 �++m`�+v +�M #2 7QmM/ BM (9)X
Pm` `2bmHi �c = 0.6560(3) Bb +QMbBbi2Mi iQ i?2 h_: `2@
bmHi �c = 0.656097(1) BM (9) �M/ i?2 JQMi2@*�`HQ `2bmHi
�c = 0.65608(5) BM (8N)X

h?2 +�H+mH�iBQMb b?Qr i?�i Qm` �TT`Q�+? +�M bm++2bb@
7mHHv #2 �TTHB2/ iQ � rB/2 `�M;2 Q7 bvbi2Kb BM+Hm/BM;

;�m;2 i?2Q`B2b- �M/ +�M #2+QK2 � }`bi +�M/B/�i2 iQ BM@
p2biB;�i2 � bvbi2K #v K2�Mb Q7 h_: K2i?Q/bX h?2
K2i?Q/ +�M #2 �TTHB2/ iQ �Mv i`�MbH�iBQM�HHv BMp�`B�Mi
bTBM@bi�iBbiB+�H bvbi2K r?B+? ?�b � }MBi2 MmK#2` Q7 bTBM
/2;`22b Q7 7`22/QKX q2 /2KQMbi`�i2/ i?Bb BM i?Bb b2+iBQM
BM i?2 +�b2 Q7 i?2 Z2 ;�m;2 i?2Q`v �M/ /Bb+mbb i?2 ;2M@
2`�HBx�iBQM �M/ b+�HBM; BM a2+X oX aBM+2 r2 /Q MQi M22/
� KQ/2H@bT2+B}+ 2tT�MbBQM Q7 i?2 Q`B;BM�H T�`iBiBQM 7mM+@
iBQM Q` BMi2;`�i2 Qmi i?2 Q`B;BM�H p�`B�#H2b BM Qm` +QM@
bi`m+iBQM- i?Bb K2i?Q/ +�M bi`�B;?i7Q`r�`/Hv #2 mb2/ 7Q`
� H�`;2 +H�bb Q7 bvbi2Kb- BM+Hm/BM; ;�m;2 i?2Q`B2b- iQ }M/
i?2 i2MbQ` M2irQ`F `2T`2b2Mi�iBQM Q7 T?vbB+�H [m�MiBiB2bX

oX :1L1_�G 6P_J P6 ALAhA�G h1LaP_a

AM i?Bb b2+iBQM- r2 +QMbB/2` i?2 BMBiB�H i2MbQ` +QMbi`m+@
iBQM K2i?Q/ rBi? /2Hi� 7mM+iBQMb 7Q` ;2M2`�H KQ/2Hb- BM@
+Hm/BM; HQM;@`�M;2 �M/ MQM@M2B;?#Q`BM; BMi2`�+iBQMbX q2
/2`Bp2 i?2 b+�HBM; d2[nint+ns�1] 7Q` i?2 MmK#2` Q7 2H2K2Mib
Q7 i?2 BMBiB�H i2MbQ`bX >2`2- d Bb i?2 /BK2MbBQM Q7 i?2 HQ@
+�H >BH#2`i bT�+2- nint Bb i?2 MmK#2` Q7 H�iiB+2 TQBMib Q7
i?2 Q`B;BM�H- MQi HQ+�HHv +QMM2+i2/ i2MbQ`b `2T`2b2MiBM;
i?2 T�`iBiBQM 7mM+iBQMX h?2 MmK#2` Q7 ai2BM2` TQBMib ns

+Q``2bTQM/b iQ i?2 MmK#2` Q7 H�iiB+2 TQBMib M22/2/ iQ
+QMM2+i BbQH�i2/ `2;BQMb- �b 2tTH�BM2/ H�i2` BM i?Bb b2+@
iBQMX
�X *QMM2+i2/ HQM; `�M;2 +?�BM BM R/ �b �M 2t�KTH2

7Q` HQM;2` `�M;2 BMi2`�+iBQMb- r2 +QMbB/2` � bvbi2K r?2`2
2�+? H�iiB+2 bBi2 Bb +QmTH2/ iQ �HH bBi2b mT iQ � /Bbi�M+2 Q7
k bBi2bX h?2 T�`iBiBQM 7mM+iBQM +�M #2 r`Bii2M �b

Z =
dX

�=1

NY

i=1

K�i,�i+1,...,�i+k . UkNV

h?2 HQ+�H T?vbB+�H /BK2MbBQM Bb d- �M/ nint = k+1 Bb i?2
MmK#2` Q7 BM/B+2b Q7 i?2b2 BMBiB�H i2MbQ`bX a22 �TTX � 7Q`
�M 2t�KTH2 Q7 i?Bb ivT2X

q2 �TTHv i?2 /2+QKTQbBiBQM rBi? � /2Hi� K�i`Bt-

K�i,�i+1,...,�i+k =
dX

a(1)
i+1=1

K
�i,�i+1,...,a

(1)
i+1

�
�i+k,a

(1)
i+1

. UjyV

lbBM; i`�MbH�iBQM�H BMp�`B�M+2- r2 /2}M2 i?2 M2r i2MbQ`

K(1)

�i,�i+1,...,�i+k�1,a
(1)
i ,a(1)

i+1

⌘ K
�i,�i+1,...,�i+k�1,a

(1)
i+1

�
�i+k�1,a

(1)
i
, UjRV

r?B+? H2�/b iQ i?2 b�K2 T�`iBiBQM 7mM+iBQM �b i?2 Q`B;BM�H
QM2 B7 QM2 i�F2b i?2 T`Q/m+i Q7 �HH i2MbQ`b �i /Bz2`2Mi
H�iiB+2 bBi2b �M/ bmKb Qp2` �HH BM/B+2b- bBKBH�` iQ 1[X UkNV
#mi BM+Hm/BM; i?2 M2r BM/B+2b a(1)X

q2 +�M `2T2�i i?Bb T`Q+2/m`2 k � 1 iBK2b iQ ;2i i?2
HQ+�H `2T`2b2Mi�iBQM

K(k�1)

�i,�i+1,a
(1)
i ,a(1)

i+1,...,a
(k�1)
i ,a(k�1)

i+1

⌘ K(k�1)

[�ia
(1)
i ...a(k�1)

i ],[�i+1,a
(1)
i+1,...,a

(k�1)
i+1 ]

. UjkV

From initial tensor
by Tayler expansion

◇ Numerical calc. by (modified) ATRG + impurity method

[Y.Kuramashi et al. 
           arXiv:1808.08025]

3-dim Z2 gauge
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Initial tensor network dependence
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◉ Initial tensor dependence
◇ Now we can construct initial tensor by simple method.

→ We did not say our method produces best precision.

→ But we can eliminate this initial tensor dependence.

TRG has 
          no dependence

HOTRG has
             dependence

2-dim Ising
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◉ Boundary TRG

◇ Original HOTRG: choose  or  by minimizing the norm.U V

◇ HOTRG with boundary TRG: 
        construct  by  and .  P1, P2 U V

→ Generalization from  or   to  and  can be done
                                                    for any other TRG methods.

U V P1 P2

R9

K(sym)
[�x,yax,y ][�x+1,yax,y+1]

Bb

K(sym)
00 =2.48037458878,

K(sym)
01 = K(sym)

02 =0.167834510235,

K(sym)
10 = K(sym)

20 =0.166746023749,

K(sym)
11 = K(sym)

12 = K(sym)
21 = K(sym)

22 =0.334196191574,

K(sym)
13 = K(sym)

23 =0.749091024240,

K(sym)
31 = K(sym)

32 =0.749047098416,

K(sym)
03 =0.334224186621,

K(sym)
30 =0.334168680654,

K(sym)
33 =1.67966015282.

U*jV
LQi2 i?�i i?Bb BMBiB�H i2MbQ` Bb MQi 2t�+iHv bvKK2i`B+, iQ
�+?B2p2 c(sym) = 0- i?2 `2H�iBQM K(sym)

ab = K(sym)
ba Kmbi

?QH/ 7Q` �Mv BM/2tX >Qr2p2`- i?2 bvKK2i`v Bb bm{+B2Mi
7Q` � `2HB�#H2 +Q�`b2 ;`�BMBM; rBi? bm{+B2Mi �++m`�+v �b
+�M #2 b22M BM 6B;X RX

�TT2M/Bt ., "QmM/�`v h_: K2i?Q/

h?2 #QmM/�`v h_: K2i?Q/ r�b Q`B;BM�HHv BMi`Q/m+2/
7Q` QT2M #QmM/�`v bvbi2Kb iQ i�F2 BMiQ �++QmMi i?2
#QmM/�`v 2z2+i BM i?2 +Q�`b2 ;`�BMBM; bi2TX AM i?Bb
�TT2M/Bt- r2 T`2b2Mi � ;2M2`�HBx�iBQM Q7 i?2 Q`B;BM�H
>Ph_: K2i?Q/ (k3) mbBM; i?2 #QmM/�`v h_: i2+?@
MB[m2 (j9)- r?B+? `2KQp2b i?2 /2T2M/2M+2 QM i?2 bvK@
K2i`v T`QT2`iB2b Q7 i?2 BMBiB�H i2MbQ`bX h?2 B/2� +�M #2
;2M2`�HBx2/ iQ Qi?2` i2MbQ` `2MQ`K�HBx�iBQM K2i?Q/bX

CU =

3

◉ HOTRG

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="I02DKSIfbgm2R1PhZ1xQQQiY3ug="></latexit>

U (HOTRG)

<latexit sha1_base64="Yl2nZnhmPQozVAMyBMERL+PkMPg="></latexit>
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2

CV =

4

◉ HOTRG

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K

<latexit sha1_base64="wnz7ed4sua4iPSPlTvHsyRilBWA="></latexit>

V (HOTRG)

<latexit sha1_base64="UY48J2/6u9Qr6ODHasUErABJehA="></latexit>
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6A:X RkX *Qbi 7mM+iBQMb Q7 i?2 BbQK2i`B2b U (HOTRG) �M/
V (HOTRG) 7Q` >Ph_:X

h?2 /Bz2`2M+2 #2ir22M +QKKQM h_: K2i?Q/b HBF2
>Ph_: �M/ #QmM/�`v h_: Bb i?2 i`mM+�iBQM K2i?Q/

BM i?2 +Q�`b2@;`�BMBM; bi2TX AM i?2 Q`B;BM�H >Ph_:- i?2
BbQK2i`B2b U (HOTRG) �M/ V (HOTRG)- r?B+? KBMBKBx2 i?2
+Qbi 7mM+iBQM BM 6B;X Rk- �`2 #Qi? +�H+mH�i2/X h?2 BbQK2@
i`B2b �`2 7QmM/ #v i`mM+�i2/ ao.b rBi? bBM;mH�` p�Hm2b
�(U) �M/ �(V )X 6Q` 2t�KTH2- 7Q` �(U),

X

x1,x2,y,yt,y0
1,y2

K⇤
x1ytx0

1
ty0

1
K⇤

x2y2x0
2
tytKx1yx0

1y
0
1
Kx2y2x0

2y

'

DX

a,b

U⇤(HOTRG)
ax0

1
tx0

2
t

⇣
�(U)

⌘2

ab
U (HOTRG)
bx0

1x
0
2

. U.RV

>2`2- xi Ux0
iV �`2 i?2 BM/B+2b i?�i +QMM2+i i?2 i2MbQ`

K iQ Bib M2�`2bi M2B;?#Q` iQ i?2 H27i U`B;?iVX �++Q`/@
BM;Hv- yi Uy0iV +QMM2+ib iQ i?2 M2ti i2MbQ` #2HQr U�#Qp2VX
lTT2` H�#2Hb t �b BM xt BM/B+�i2 i?�i i?2b2 #QM/b +QM@
M2+i +QMDm;�i2 i2MbQ`bX 6Q` #`2pBiv- r2 /`QT i?2 BM@
/B+2b BM i?2 7QHHQrBM; �M/ mb2 � b?Q`i?�M/ MQi�iBQM HBF2
K†K†KK ' U†(HOTRG)

�
�(U)

�2
U (HOTRG)XR h?2 BM@

/B+2b +�M #2 `2+QMbi`m+i2/ 7`QK i?2 +Q``2bTQM/BM; /B@
�;`�KbX

AM i?2 +Qbi 7mM+iBQM CU BM 6B;X Rk- U†(HOTRG) Bb �T@
THB2/ iQ i?2 `B;?i BM/B+2b Q7 i?2 K i2MbQ`bX AMbi2�/- QM2
+�M �HbQ �TTHv �M BbQK2i`v iQ i?2 H27i BM/B+2bX h?2 +Q``2@
bTQM/BM; +Qbi 7mM+iBQM CV Bb KBMBKBx2/ #v V †(HOTRG)

�b �M BbQK2i`vX AM ;2M2`�H- i?2 BbQK2i`B2b U (HOTRG)

�M/ V (HOTRG) �`2 /Bz2`2MiX AM i?2 mbm�H >Ph_: �H@
;Q`Bi?K- i?2 +Qbi 7mM+iBQMb CU �M/ CV �`2 +QKTmi2/ #v
bmKKBM; i?2 b[m�`2/ i`mM+�i2/ bBM;mH�` p�Hm2b

⇣
�(U)
>D

⌘2

�M/
⇣
�(V )
>D

⌘2
BM #Qi? +�b2bX h?2M- i?2 BbQK2i`v r?B+?

+Q``2bTQM/b iQ i?2 bK�HH2` +Qbi 7mM+iBQM Bb +?Qb2M 7Q`
i?2 i`mM+�iBQM bi2TX h?Bb BMi`Q/m+2b � bvbi2K�iB+ 2`@
`Q`- r?B+? 7�pQ`b QM2 /B`2+iBQM UH27i Q` `B;?i BM 6B;X RkV
BM i?2 i`mM+�iBQMX AM i?2 +�b2 Q7 bvKK2i`B+ BMBiB�H i2M@
bQ`b- CU �M/ CV �`2 i?2 b�K2 BM 2�+? bi2T �M/ i?mb MQ
+?QB+2 Bb M22/2/X aBM+2 MQ /B`2+iBQM Bb 7�pQ`2/ BM i?Bb
+�b2- i?2 �H;Q`Bi?K Bb KQ`2 bmBi2/ 7Q` bvKK2i`B+ BMBiB�H
i2MbQ`b i?�M 7Q` MQM@bvKK2i`B+- BM �;`22K2Mi rBi? Qm`
MmK2`B+�H Q#b2`p�iBQMbX

RPM i?2 MQi�iBQM 7Q` i?2 ao. mb2/ ?2`2, � >2`KBiB�M K�i`Bt M
+�M #2 r`Bii2M �b M = A†AX qBi? i?2 ao. A = U�V - r2 +�M
/2+QKTQb2 M �b M = V †�U†U�V = V †�2V X AM �+im�H +�H+mH�@
iBQMb- r2 /2+QKTQb2 M BM �M ao. �b M = UM�MVM �M/ B/2MiB7v
V = VM = U†

M - �2 = �M X q2 mb2 i?2 M�K2b U �M/ V BMi2`+?�M;2@
�#Hv 7Q` BbQK2i`B2bX hvTB+�HHv- r2 H�#2H BbQK2i`B2b �b U - �M/ +�HH
i?2K V r?2M2p2` i?2v ?�p2 iQ #2 /BbiBM;mBb?2/ 7`QK � ;Bp2M U #2@
+�mb2 i?2v �+i QM /Bz2`2Mi BM/B+2b Q7 � i2MbQ`X 6m`i?2`KQ`2- r2 /Q
MQi Tmi �Mv /�;;2`b † QM i2MbQ`b BM ao.bX qBi? i?Bb +QMp2MiBQM-
BbQK2i`B2b �`2 �Hr�vb �TTHB2/ BM i?2 7Q`K U† Q` V † iQ i?2 i2MbQ`b
r?2M BM/B+2b b?�HH #2 +QK#BM2/ �M/ i`mM+�i2/X

R9

K(sym)
[�x,yax,y ][�x+1,yax,y+1]

Bb

K(sym)
00 =2.48037458878,

K(sym)
01 = K(sym)

02 =0.167834510235,

K(sym)
10 = K(sym)

20 =0.166746023749,

K(sym)
11 = K(sym)

12 = K(sym)
21 = K(sym)

22 =0.334196191574,

K(sym)
13 = K(sym)

23 =0.749091024240,

K(sym)
31 = K(sym)

32 =0.749047098416,

K(sym)
03 =0.334224186621,

K(sym)
30 =0.334168680654,

K(sym)
33 =1.67966015282.

U*jV
LQi2 i?�i i?Bb BMBiB�H i2MbQ` Bb MQi 2t�+iHv bvKK2i`B+, iQ
�+?B2p2 c(sym) = 0- i?2 `2H�iBQM K(sym)

ab = K(sym)
ba Kmbi

?QH/ 7Q` �Mv BM/2tX >Qr2p2`- i?2 bvKK2i`v Bb bm{+B2Mi
7Q` � `2HB�#H2 +Q�`b2 ;`�BMBM; rBi? bm{+B2Mi �++m`�+v �b
+�M #2 b22M BM 6B;X RX

�TT2M/Bt ., "QmM/�`v h_: K2i?Q/

h?2 #QmM/�`v h_: K2i?Q/ r�b Q`B;BM�HHv BMi`Q/m+2/
7Q` QT2M #QmM/�`v bvbi2Kb iQ i�F2 BMiQ �++QmMi i?2
#QmM/�`v 2z2+i BM i?2 +Q�`b2 ;`�BMBM; bi2TX AM i?Bb
�TT2M/Bt- r2 T`2b2Mi � ;2M2`�HBx�iBQM Q7 i?2 Q`B;BM�H
>Ph_: K2i?Q/ (k3) mbBM; i?2 #QmM/�`v h_: i2+?@
MB[m2 (j9)- r?B+? `2KQp2b i?2 /2T2M/2M+2 QM i?2 bvK@
K2i`v T`QT2`iB2b Q7 i?2 BMBiB�H i2MbQ`bX h?2 B/2� +�M #2
;2M2`�HBx2/ iQ Qi?2` i2MbQ` `2MQ`K�HBx�iBQM K2i?Q/bX

CU =

3

◉ HOTRG

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="I02DKSIfbgm2R1PhZ1xQQQiY3ug="></latexit>

U (HOTRG)

<latexit sha1_base64="Yl2nZnhmPQozVAMyBMERL+PkMPg="></latexit>
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<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>
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K

<latexit sha1_base64="wnz7ed4sua4iPSPlTvHsyRilBWA="></latexit>

V (HOTRG)

<latexit sha1_base64="UY48J2/6u9Qr6ODHasUErABJehA="></latexit>
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6A:X RkX *Qbi 7mM+iBQMb Q7 i?2 BbQK2i`B2b U (HOTRG) �M/
V (HOTRG) 7Q` >Ph_:X

h?2 /Bz2`2M+2 #2ir22M +QKKQM h_: K2i?Q/b HBF2
>Ph_: �M/ #QmM/�`v h_: Bb i?2 i`mM+�iBQM K2i?Q/

BM i?2 +Q�`b2@;`�BMBM; bi2TX AM i?2 Q`B;BM�H >Ph_:- i?2
BbQK2i`B2b U (HOTRG) �M/ V (HOTRG)- r?B+? KBMBKBx2 i?2
+Qbi 7mM+iBQM BM 6B;X Rk- �`2 #Qi? +�H+mH�i2/X h?2 BbQK2@
i`B2b �`2 7QmM/ #v i`mM+�i2/ ao.b rBi? bBM;mH�` p�Hm2b
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X
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>2`2- xi Ux0
iV �`2 i?2 BM/B+2b i?�i +QMM2+i i?2 i2MbQ`

K iQ Bib M2�`2bi M2B;?#Q` iQ i?2 H27i U`B;?iVX �++Q`/@
BM;Hv- yi Uy0iV +QMM2+ib iQ i?2 M2ti i2MbQ` #2HQr U�#Qp2VX
lTT2` H�#2Hb t �b BM xt BM/B+�i2 i?�i i?2b2 #QM/b +QM@
M2+i +QMDm;�i2 i2MbQ`bX 6Q` #`2pBiv- r2 /`QT i?2 BM@
/B+2b BM i?2 7QHHQrBM; �M/ mb2 � b?Q`i?�M/ MQi�iBQM HBF2
K†K†KK ' U†(HOTRG)

�
�(U)

�2
U (HOTRG)XR h?2 BM@

/B+2b +�M #2 `2+QMbi`m+i2/ 7`QK i?2 +Q``2bTQM/BM; /B@
�;`�KbX

AM i?2 +Qbi 7mM+iBQM CU BM 6B;X Rk- U†(HOTRG) Bb �T@
THB2/ iQ i?2 `B;?i BM/B+2b Q7 i?2 K i2MbQ`bX AMbi2�/- QM2
+�M �HbQ �TTHv �M BbQK2i`v iQ i?2 H27i BM/B+2bX h?2 +Q``2@
bTQM/BM; +Qbi 7mM+iBQM CV Bb KBMBKBx2/ #v V †(HOTRG)

�b �M BbQK2i`vX AM ;2M2`�H- i?2 BbQK2i`B2b U (HOTRG)

�M/ V (HOTRG) �`2 /Bz2`2MiX AM i?2 mbm�H >Ph_: �H@
;Q`Bi?K- i?2 +Qbi 7mM+iBQMb CU �M/ CV �`2 +QKTmi2/ #v
bmKKBM; i?2 b[m�`2/ i`mM+�i2/ bBM;mH�` p�Hm2b

⇣
�(U)
>D

⌘2

�M/
⇣
�(V )
>D

⌘2
BM #Qi? +�b2bX h?2M- i?2 BbQK2i`v r?B+?

+Q``2bTQM/b iQ i?2 bK�HH2` +Qbi 7mM+iBQM Bb +?Qb2M 7Q`
i?2 i`mM+�iBQM bi2TX h?Bb BMi`Q/m+2b � bvbi2K�iB+ 2`@
`Q`- r?B+? 7�pQ`b QM2 /B`2+iBQM UH27i Q` `B;?i BM 6B;X RkV
BM i?2 i`mM+�iBQMX AM i?2 +�b2 Q7 bvKK2i`B+ BMBiB�H i2M@
bQ`b- CU �M/ CV �`2 i?2 b�K2 BM 2�+? bi2T �M/ i?mb MQ
+?QB+2 Bb M22/2/X aBM+2 MQ /B`2+iBQM Bb 7�pQ`2/ BM i?Bb
+�b2- i?2 �H;Q`Bi?K Bb KQ`2 bmBi2/ 7Q` bvKK2i`B+ BMBiB�H
i2MbQ`b i?�M 7Q` MQM@bvKK2i`B+- BM �;`22K2Mi rBi? Qm`
MmK2`B+�H Q#b2`p�iBQMbX

RPM i?2 MQi�iBQM 7Q` i?2 ao. mb2/ ?2`2, � >2`KBiB�M K�i`Bt M
+�M #2 r`Bii2M �b M = A†AX qBi? i?2 ao. A = U�V - r2 +�M
/2+QKTQb2 M �b M = V †�U†U�V = V †�2V X AM �+im�H +�H+mH�@
iBQMb- r2 /2+QKTQb2 M BM �M ao. �b M = UM�MVM �M/ B/2MiB7v
V = VM = U†

M - �2 = �M X q2 mb2 i?2 M�K2b U �M/ V BMi2`+?�M;2@
�#Hv 7Q` BbQK2i`B2bX hvTB+�HHv- r2 H�#2H BbQK2i`B2b �b U - �M/ +�HH
i?2K V r?2M2p2` i?2v ?�p2 iQ #2 /BbiBM;mBb?2/ 7`QK � ;Bp2M U #2@
+�mb2 i?2v �+i QM /Bz2`2Mi BM/B+2b Q7 � i2MbQ`X 6m`i?2`KQ`2- r2 /Q
MQi Tmi �Mv /�;;2`b † QM i2MbQ`b BM ao.bX qBi? i?Bb +QMp2MiBQM-
BbQK2i`B2b �`2 �Hr�vb �TTHB2/ BM i?2 7Q`K U† Q` V † iQ i?2 i2MbQ`b
r?2M BM/B+2b b?�HH #2 +QK#BM2/ �M/ i`mM+�i2/X

R8

CP1,P2 =

5

◉ boundary HOTRG

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K

<latexit sha1_base64="7RjFzS/DiN9AD4SWHojdz550bbY="></latexit>

P (bHOTRG)
1

<latexit sha1_base64="IkRterIQjAFqRa+MNOxPku7u2rY="></latexit>

P (bHOTRG)t
2

2

6A:X RjX *Qbi 7mM+iBQM Q7 i?2 b[m22x2`b P (bHOTRG)
1 �M/

P (bHOTRG)
2 7Q` #QmM/�`v >Ph_:X

AM i?2 #QmM/�`v h_: K2i?Q/ i?Bb /2+BbBQM Bb MQi �T@
THB2/X AMbi2�/- b[m22x2`b �`2 +`2�i2/ 7`QK � +QK#BM�iBQM
Q7 U (HOTRG) �M/ V (HOTRG)X h?2b2 b[m22x2`b �`2 mb2/ 7Q`
i?2 i`mM+�iBQM BM i?2 +Q�`b2 ;`�BMBM; bi2TX h?2 T`Q+2/m`2
KBMBKBx2b i?2 +Qbi 7mM+iBQM BM 6B;X RjX 6B`bi- i?2 BbQK2@
i`B2b �`2 +�H+mH�i2/ rBi?Qmi i`mM+�iBQM �b BM 1[X U.RV
�M/ bBKBH�`Hv 7Q` V (HOTRG)X h?2M- � i`mM+�i2/ ao. Bb
T2`7Q`K2/,

�(U)U (HOTRG)V (HOTRG)�(V )
' U⇤V. U.kV

h?2 b[m22x2`b +�M #2 +QMbi`m+i2/ 7`QK i?2b2 i2MbQ`b
�M/ i?2 T`2pBQmb BbQK2i`B2b,

P (bHOTRG)
1 ⌘ V (HOTRG)�(V )V †/

p

⇤ U.jV
P (bHOTRG)
2 ⌘ (1/

p

⇤)U†�(U)U (HOTRG). U.9V

h?2 iQi�H +QKTmi�iBQM�H +Qbi Bb Q7 i?2 b�K2 Q`/2` �b
i?2 Q`B;BM�H >Ph_:- �M/ i?2 +�H+mH�iBQM Q7 P1 �M/ P2 Bb
MQi i?2 /QKBM�Mi +Qbi BM i?2 `2MQ`K�HBx�iBQM bi2TX h?2
`2bmHib Q7 i?Bb #QmM/�`v >Ph_: K2i?Q/ �`2 Km+? H2bb
/2T2M/2Mi QM i?2 bvKK2i`v T`QT2`iB2b Q7 i?2 BMBiB�H i2M@
bQ`b �b /Bb+mbb2/ BM a2+X AAAX h?2`27Q`2- i?2 K2i?Q/ +`2@
�i2b KQ`2 `2HB�#H2 `2bmHibX AM �//BiBQM- i?2 +Qbi 7mM+iBQM
Q7 i?2 #QmM/�`v >Ph_: BM 6B;X Rj �TT`QtBK�i2b 7Qm`
i2MbQ`b BMbi2�/ Q7 irQ 7Q` i?2 mbm�H >Ph_: �b BM 6B;X RkX
h?2 �TT`QtBK�iBQM i�F2b BMiQ �++QmMi � H�`;2` `2;BQM �M/
+�M i?mb BKT`Qp2 i?2 �++m`�+v Q7 i?2 �TT`QtBK�iBQMX q2
MQi2 i?�i i?2 #QM/@r2B;?i2/ h_: K2i?Q/ 7Q` >Ph_:
Bb �HbQ #�b2/ QM i?2 #QmM/�`v h_: i`mM+�iBQM (eR)X

h?2 B/2�b T`2b2Mi2/ ?2`2 +�M ;2M2`�HHv #2 mb2/ BM �Mv
h_: K2i?Q/ rBi? BbQK2i`B2bX _2TH�+BM; U (HOTRG)

!

P (bHOTRG)
1 , P (bHOTRG)

2 /Q2b MQi `2[mB`2 bB;MB}+�Mi �//B@
iBQM�H +QKTmi�iBQM�H +Qbib #mi +�M bi`QM;Hv `2/m+2 i?2
BMBiB�H i2MbQ` /2T2M/2M+2X

�TT2M/Bt 1, �h_:- J.h_: �M/ p�`B�Mib

q2 2tTH�BM i?2 +Q�`b2 ;`�BMBM; bi2Tb rBi? �h_: �M/
J.h_: BM i?Bb �TT2M/BtX q2 �HbQ BMi`Q/m+2 p�`B�Mib Q7
i?2 2bi�#HBb?2/ �H;Q`Bi?Kb �M/ #2M+?K�`F i?2 /Bz2`2Mi
K2i?Q/b 7Q` i?2 irQ@/BK2MbBQM�H AbBM; KQ/2HX

h?2 �++m`�+v Q7 i?2 7`22 2M2`;v /2T2M/b QM i?2 K2i?Q/
mb2/ BM i?2 +Q�`b2@;`�BMBM; bi2TX S�`iB+mH�`Hv- r2 Q#b2`p2
i?�i �H;Q`Bi?Kb r?B+? mb2 BbQK2i`B2b iQ +`2�i2 i?2 BM/B+2b

Q7 i?2 M2ti +Q�`b2@;`�BM2/ i2MbQ`b K(next) �`2 ?B;?Hv /2@
T2M/2Mi QM i?2 BMBiB�H i2MbQ` T`QT2`iB2bX

q2 bi�`i 7`QK i?2 T�`iBiBQM 7mM+iBQM Z =
tr
�Q

i Kxiyix0
iy

0
i

�
- r?2`2 xi Ux0

iV �`2 i?2 BM/B+2b i?�i +QM@
M2+i � H�iiB+2 TQBMi �i bBi2 i iQ Bib M2�`2bi M2B;?#Q` BM
M2;�iBp2 UTQbBiBp2V x@/B`2+iBQMX �++Q`/BM;Hv- yi Uy0iV +QM@
M2+ib iQ i?2 M2ti i2MbQ` BM M2;�iBp2 UTQbBiBp2V y@/B`2+iBQMX
LQi2 i?�i xi+1 = x0

i �M/ yi+1 = y0iX h?2 i`�+2 tr BKTHB2b
� bmKK�iBQM Qp2` �HH BM/B+2bX K +�M- 7Q` 2t�KTH2- #2
K(delta) Q` K(exp) �b /2}M2/ BM a2+X AAAX

h2MbQ` `2MQ`K�HBx�iBQM ;`QmT �H;Q`Bi?Kb T`QpB/2 �
r�v iQ +Q�`b2@;`�BM � ;Bp2M i2MbQ` M2irQ`F iQ � M2r M2i@
rQ`F rBi? 72r2` i2MbQ`bX h?Bb bi2T Bb �TT`QtBK�i2 iQ
�pQB/ �M 2tTQM2MiB�H ;`Qri? Q7 i?2 MmK2`B+�H +Qbib- �M/
i?2 �H;Q`Bi?Kb /Bz2` BM i?2 r�v i?2v i`mM+�i2 i?2 i2MbQ`bX
hvTB+�HHv- irQ i2MbQ`b Q7 �M BMBiB�H H�iiB+2 �`2 `2TH�+2/
#v QM2 i2MbQ` QM � +Q�`b2@;`�BM2/ H�iiB+2X q2 `2bi`B+i
Qm`b2Hp2b iQ b[m�`2 H�iiB+2b BM irQ /BK2MbBQMb #mi MQi2
i?�i KQbi �H;Q`Bi?Kb /Bb+mbb2/ ?2`2 +�M #2 ;2M2`�HBx2/
iQ ?B;?2` /BK2MbBQMbX AM b?Q`i- i?2 ;Q�H Q7 � i2MbQ` `2MQ`@
K�HBx�iBQM ;`QmT �H;Q`Bi?K Bb iQ }M/ i?2 +Q�`b2@;`�BM2/
i2MbQ` K(next) 7`QK i?2 BMBiB�H i2MbQ` K-

Kxyx0y0 ! K(next)
XYX0Y 0 . U1RV

201

◉ Triad

<latexit sha1_base64="Dc4DcXouVKkN8EkkcpF+E4cIOaQ="></latexit>

E
<latexit sha1_base64="WcfgT6vP38lUIQT7yloQvc7r1GA="></latexit>

F

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K <latexit sha1_base64="kAw4S6IdaSTqfJydA1rb0WJ3mi0="></latexit>

G
<latexit sha1_base64="gIGGJXQ214sJ5PiXX0lYHgmVHvY="></latexit>

H

<latexit sha1_base64="Dc4DcXouVKkN8EkkcpF+E4cIOaQ="></latexit>

E

<latexit sha1_base64="gIGGJXQ214sJ5PiXX0lYHgmVHvY="></latexit>

H

<latexit sha1_base64="Lx+wgUyNxShd+157raPKfXaLf1c="></latexit>

F 0

<latexit sha1_base64="51Va1FU5U8+NPGmKr+7aQrr2AuA="></latexit>

G0

(a) (b) (c)

6A:X R9X AMBiB�H bi2Tb Q7 � +Q�`b2@;`�BMBM; Bi2`�iBQM BM �h_:@
HBF2 �H;Q`Bi?KbX 6`QK U�V iQ U#V, i?2 mTT2` UHQr2`V BMBiB�H
i2MbQ` Bb bTHBi #v �M ao. BMiQ i2MbQ`b E �M/ F UG �M/ HVX
6`QK U#V iQ U+V, i?2 i2MbQ`b F �M/ G �`2 +QMi`�+i2/ �M/ �T@
T`QtBK�i2/ #v �M ao. BM Q`/2` iQ +?�M;2 i?2 BM/2t /B`2+iBQMX
a22 K�BM i2ti 7Q` /2i�BHbX

6Q` �h_: �M/ J.h_:- r2 +QMbB/2` irQ M2�`2bi
M2B;?#Q` i2MbQ`b

P
y Kx1yx0

1y
0
1
Kx2y2x0

2y
BM i?2 +Q�`b2@

;`�BMBM; bi2TX h?2 i2MbQ`b �`2 }`bi /2+QKTQb2/ BMiQ i`B@
�/b- �b b?QrM BM 6B;X R9U�V iQ U#VX 6Q` i?Bb- i?2 BMBiB�H
i2MbQ`b Q7 i?2 i`�MbH�iBQM�H BMp�`B�Mi M2irQ`F �`2 bTHBi
mbBM; �M ao.,

Kxyx0y0 '

DX

b,c

Hxyb�bcEx0y0c. U1kV

>2`2- H �M/ E �`2 i`mM+�i2/ mMBi�`v K�i`B+2b Q` BbQK2@
i`B2b- �M/ � Bb � /B�;QM�H K�i`Bt rBi? MQM@M2;�iBp2 2M@
i`B2bX h?2 bK�HH2bi bBM;mH�` p�Hm2b �`2 /`QTT2/ BM Q`/2`
MQi iQ 2t+22/ � K�tBKmK #QM/ /BK2MbBQM D BM i?2 �H;Q@
`Bi?KX LQi2 i?�i r2 /Q MQi mb2 BMi2`M�H HBM2 Qp2`b�KTHBM;

[S. Iino et al. arXiv:1905.02351]
[K. N., M.Schneider arXiv:2407.14226]
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◉ Boundary HOTRG

→ HOTRG with  and  is initial tensor independent.P1 P2

2-dim Ising

HOTRG with   and P1 P2



◇ Many method (ATRG, TriadTRG, MDTRG) can use 
    isometry (  or  ) or  and .U V P1 P2

[D. Kadoh, K.N. arXiv:1912.02414]

21

◉ Boundary TRG for ATRG and MDTRG

→ TRG methods with  and  are initial tensor independent.P1 P2

→ Our construction can also produce compatible result. 

[D. Adachi et al. arXiv:1906.02007]
[K.N. arXiv:2307.14191]

ATRG 
    with   and P1 P2

MDTRG 
    with   and P1 P2

2-dim Ising
[K. N., M.Schneider arXiv:2407.14226]
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◉ Summary

◇ We propose a general method to construct the initial 
tensor network from Boltzmann factor representation.

◇ This relates to the rectilinear Steiner tree problem 
                              (generalized traveling salesman problem)

◇ We can eliminate initial tensor dependence by using 
                                      boundary TRG method for isometry.

◇ We test our construction in the 2-dim Ising model and 3-
dim Z2 gauge theory, and reproduce results.

[main]

[details]

→ Our method could be a simple, good choice for first study.
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Backup



◉ Tensor renormalization group (TRG)

24

◇ TRG calculate the physical quantity as trace of tensors.

→ Singular value decomposition (Frobenius norm)
How can we take whole contraction approximately?

<latexit sha1_base64="D4dMg/1QJDxhpE0UHZnUKG2EFZQ="></latexit>

Axyx0y0 = <latexit sha1_base64="7oJAkHQpdGlH6rlwxSFCLznbcmk="></latexit>x

<latexit sha1_base64="46/LNMTTMbaLdMMWVA4eAP/kbPw="></latexit>y

<latexit sha1_base64="lKjY9bJpkZ+vw7w8azCA8Wmv/3Y="></latexit>

x0

<latexit sha1_base64="BuA7s3SZjrgMbN8xQvIori1ZiOc="></latexit>

y0

○Sign problem
○Another representation

×High cost ( )
△Systematic error

<latexit sha1_base64="xDC+m2mEgZK4esT4BJ8EDsYRvgI="></latexit>

dim � 3

[M. Levin, C. P. Nave. arXiv:cond-mat/0611687]

2

∫ DψDψ [−∑
x

ℒ(ψx, ψx)]
<latexit sha1_base64="jStPS5DjZL2isT2a+nrnF4ZfmVE="></latexit>

Z = Tr
Y

i2lattice

Axiyix0
iy

0
i
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◉ SVD and corresponding cost function

→        　is truncated

◇ truncation of the SVD minimize the cost function

a

b

c

d

a

b

c

d

k

Tabcd =
DX

k

Aab
k�kBcd

k

k

dim(k) = dim(a)dim(b) ! D
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◉ SVD for a coarse graining (e.g. Image)

[http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT]
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[https://smorita.github.io/TN_animation/]

◉ Cause-graining by HOTRG

<latexit sha1_base64="7+qSLhx25l0hZUMNztrMTiMMYfY="></latexit>�

◇ Cost function

→ Find U (Isometry).

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0
<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)
<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="oSTHNyHtFa7OQ1/JubBjfzAiUI8="></latexit>y2

<latexit sha1_base64="cCwLOpa5Jhfk23m0Dlca+GZzDPg="></latexit>

y01
<latexit sha1_base64="P0Tna+7LWk8xqwR7dCUg2J/ALVE="></latexit>

x0
1

<latexit sha1_base64="JXAa8dPmJt+7eaURE/zIuxX6uXI="></latexit>x1

<latexit sha1_base64="XBHErAmmqE9fIkFkfqM9n+w8QwA="></latexit>x2
<latexit sha1_base64="QY4omSExI+GLN42/8u/8+j22DkE="></latexit>

x0
2

<latexit sha1_base64="NuE548F8iCmEw1vezcU5HZeKZmM="></latexit>

ỹ
<latexit sha1_base64="NxvHxnlElNiFOpy1E7S4BvZL9/Y="></latexit>

A

<latexit sha1_base64="NxvHxnlElNiFOpy1E7S4BvZL9/Y="></latexit>

A

<latexit sha1_base64="WVuJtvRjd1DbdPY507xx+1y/a2E="></latexit>

A(next)
<latexit sha1_base64="cCwLOpa5Jhfk23m0Dlca+GZzDPg="></latexit>

y01

<latexit sha1_base64="oSTHNyHtFa7OQ1/JubBjfzAiUI8="></latexit>y2

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

O(D4dim−1)

◇ Contraction by projection operator 　(isometry)U

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)
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◉ Computational cost for contraction
◇ ( ) matrix-( ) matrix product → D2 × D2 D2 × D2 O(D6)

O(D6)

O(D9)
→ Higher order tensor contraction needs larger cost.

◇ Cost reduction = Low order approximation of tensor

O(D7)

(and/or parallel computing)
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◉ Anisotropic TRG (ATRG)
2

T
<latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit>

T
<latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit>

T
<latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit>

T
<latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit>

�
<latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit><latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit><latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit><latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit>

�
<latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit><latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit><latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit><latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit>

M
<latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit><latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit><latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit><latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit>M

<latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit><latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit><latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit><latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit>

(a)
<latexit sha1_base64="Cy2Wv74hGj6QIiUDzfho5RQiAas="></latexit><latexit sha1_base64="Cy2Wv74hGj6QIiUDzfho5RQiAas="></latexit><latexit sha1_base64="Cy2Wv74hGj6QIiUDzfho5RQiAas="></latexit><latexit sha1_base64="Cy2Wv74hGj6QIiUDzfho5RQiAas="></latexit>

(b)
<latexit sha1_base64="9cMCjxtEaXAHTo7FA7bnFrbS5CY="></latexit><latexit sha1_base64="9cMCjxtEaXAHTo7FA7bnFrbS5CY="></latexit><latexit sha1_base64="9cMCjxtEaXAHTo7FA7bnFrbS5CY="></latexit><latexit sha1_base64="9cMCjxtEaXAHTo7FA7bnFrbS5CY="></latexit>

(c)
<latexit sha1_base64="qgMZnqs8p3nIx8FcHHrdpi7CALM="></latexit><latexit sha1_base64="qgMZnqs8p3nIx8FcHHrdpi7CALM="></latexit><latexit sha1_base64="qgMZnqs8p3nIx8FcHHrdpi7CALM="></latexit><latexit sha1_base64="qgMZnqs8p3nIx8FcHHrdpi7CALM="></latexit>

(d)
<latexit sha1_base64="kWFFXC/jfDm69yLcpKHZxa/MB1Q="></latexit><latexit sha1_base64="kWFFXC/jfDm69yLcpKHZxa/MB1Q="></latexit><latexit sha1_base64="kWFFXC/jfDm69yLcpKHZxa/MB1Q="></latexit><latexit sha1_base64="kWFFXC/jfDm69yLcpKHZxa/MB1Q="></latexit>

(e)
<latexit sha1_base64="fRa3SvwF6bHR+b8BqMIT0TZqjXM="></latexit><latexit sha1_base64="fRa3SvwF6bHR+b8BqMIT0TZqjXM="></latexit><latexit sha1_base64="fRa3SvwF6bHR+b8BqMIT0TZqjXM="></latexit><latexit sha1_base64="fRa3SvwF6bHR+b8BqMIT0TZqjXM="></latexit>

(f)
<latexit sha1_base64="HOC0sZ4AYKK4dFFAej6guYcpvXg="></latexit><latexit sha1_base64="HOC0sZ4AYKK4dFFAej6guYcpvXg="></latexit><latexit sha1_base64="HOC0sZ4AYKK4dFFAej6guYcpvXg="></latexit><latexit sha1_base64="HOC0sZ4AYKK4dFFAej6guYcpvXg="></latexit>

T 0
<latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit><latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit><latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit><latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit>

T 0
<latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit><latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit><latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit><latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit>

G
<latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit><latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit><latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit><latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit>

H
<latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit><latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit><latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit><latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit>

G
<latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit><latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit><latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit><latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit>

H
<latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit><latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit><latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit><latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit>

E
<latexit sha1_base64="xcWTk9NnphIEcO/i5bEEUDVqNDM="></latexit><latexit sha1_base64="xcWTk9NnphIEcO/i5bEEUDVqNDM="></latexit><latexit sha1_base64="xcWTk9NnphIEcO/i5bEEUDVqNDM="></latexit><latexit sha1_base64="xcWTk9NnphIEcO/i5bEEUDVqNDM="></latexit>

F
<latexit sha1_base64="I29tkd6HXUbr6yh21i5eu2P278Y="></latexit><latexit sha1_base64="I29tkd6HXUbr6yh21i5eu2P278Y="></latexit><latexit sha1_base64="I29tkd6HXUbr6yh21i5eu2P278Y="></latexit><latexit sha1_base64="I29tkd6HXUbr6yh21i5eu2P278Y="></latexit>

�
<latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit><latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit><latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit><latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit>

�
<latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit><latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit><latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit><latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit>

y0
<latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit>

y0
<latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit>

y0
<latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit>

y1
<latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit>

y1
<latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit>

y1
<latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit>

y2
<latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit>

y2
<latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit>

y2
<latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit>

x0
<latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit>

x0
<latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit>

x1
<latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit>

x1
<latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit>

x2
<latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit>

x2
<latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit>

x3
<latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit>

x3
<latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit>

x0
0

<latexit sha1_base64="8tsPJ7mx9NldVmiNcP7WMpoGlNg="></latexit><latexit sha1_base64="8tsPJ7mx9NldVmiNcP7WMpoGlNg="></latexit><latexit sha1_base64="8tsPJ7mx9NldVmiNcP7WMpoGlNg="></latexit><latexit sha1_base64="8tsPJ7mx9NldVmiNcP7WMpoGlNg="></latexit>

x0
1

<latexit sha1_base64="/t/Ixogyxx5IZXf6VdIKKfUvWMs="></latexit><latexit sha1_base64="/t/Ixogyxx5IZXf6VdIKKfUvWMs="></latexit><latexit sha1_base64="/t/Ixogyxx5IZXf6VdIKKfUvWMs="></latexit><latexit sha1_base64="/t/Ixogyxx5IZXf6VdIKKfUvWMs="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit> A

<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

B
<latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit>

B
<latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit>

C
<latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit>

C
<latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit> D

<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

X
<latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit> X

<latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit>

X
<latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit>

X
<latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit>

Y
<latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit>

Y
<latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit>

Y
<latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit>

Y
<latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit>

FIG. 1. Renormalization step of ATRG in y direction for the
two-dimensional square lattice model.

by including the singular matrix S in B and C, the error
of the final free energy is minimized. Such a construc-
tion gives us a better free energy than the equal weight
decomposition,

p
S, of the singular matrix into A and B

(or C and D).

Next, by using SVD, we swap the bond of B and
C [step (b) and (c) in FIG. 1]. In order to swap the
x1 bond of B and x2 bond of C, we define tensor M as

M↵�x1x2 =
X

y1

By1x1↵Cy1x2� , (6)

and, by SVD of M and truncating the singular values to
D, we define new X and Y as

M↵�x1x2 ⇡
DX

y1

S{M}y1y1
U{M}↵x2y1

V{M}�x1y1
, (7)

X↵x2y1 =
q

S{M}y1y1
U{M}↵x2y1

, (8)

Y�x1y1 =
q

S{M}y1y1
V{M}�x1y1

. (9)

Then, we renormalize the horizontal two bonds into
one by using projectors E and F [step (d) and (e) in
FIG. 1]. By applying projector E (F ) to A and X (Y
and D), we obtain new tensor G (H) as

Gy0y1x
0
0

=
X

↵,x0,x2

Ay0x0↵X↵x2y1Ex0x2x
0
0
, (10)

Hy1y2x
0
1

=
X

�,x1,x3

Dy2x3�Y�x1y1Fx1x3x
0
1
. (11)

Finally, a new renormalized tensor, T 0, is made from the
product of G and H as

T 0
y0y2x

0
0x

0
1

=
X

y1

Gy0y1x
0
0
Hy1y2x

0
1
, (12)

[step (f) in FIG. 1], which will be used as an input to the
next renormalization step in x direction.

As for the choice of projectors, E and F , there are
many possibilities. Here, we perform the projection in
the following way:

Qy0y1y2y3 =
X

x1x3↵�

Y�y1x1Dy2x3�Ay0x1↵X↵x3y3

⇡
DX

x
0
1

S{Q}x
0
1x

0
1
U{Q}y1y2x

0
1
V{Q}y0y3x

0
1
, (13)

Hy1y2x
0
1

=
q

S{Q}x
0
1x

0
1
U{Q}y1y2x

0
1
, (14)

Gy0y3x
0
1

=
q

S{Q}x
0
1x

0
1
V{Q}y0y3x

0
1
. (15)

Unlike the conventional HOTRG, the projectors are not
necessarily isometries. In addition, when we calculate
only the free energy, G and H can be directly obtained
through SVD as Eqs. (13)-(15). The explicit form of
the projectors is needed for calculating other physical
quantities, e.g., energy and magnetization.

The whole renormalization step described above can be
performed with computation cost of O(D5) and memory
footprint of O(D4) by performing the partial SVD using
the Arnoldi method or other techniques. The computa-
tion cost of ATRG is the same as TRG with partial or
randomized SVD [11].

Note that in step (a) of FIG. 1, there is the freedom
of choosing the bond used by A from two bonds in x di-
rection, x0 and x1. By choosing the pair of bonds used
for A0 in the following renormalization step properly, we
can skip SVD of T 0 by using G and H, and continue cal-
culation without additional truncation errors (FIG. 2).
If the bond geometry of A0 and B0 (or C 0 and D0) are
chosen so that they match the geometry of G and H,
respectively, there occur no truncation errors at the de-
composition of T 0. Note that explicit SVD of T 0 needs
computation cost of O(D5). This cost can be reduced
to O(D4) by performing SVDs of G and H, and taking
SVD of the intermediate 2-bond tensor, K, defined as
K = S{G}V

t

{G}U{H}S{H}.
One of the important di↵erences between ATRG and

HOTRG is that in ATRG, before applying the projec-
tors E and F , we construct X and Y from a low-rank
approximation of M , which is constructed from B and

[D. Adachi, T. Okubo, and S. Todo. arXiv:1906.02007]

◇ Auxiliary SVD before SVD
    (In order to reduce indeces)

O(D4dim�1) ! O(D2dim+1)

a

b

c

d

a

b

c

d

k=
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◉ Triad RG
[D. Kadoh and K.N. arXiv:1912.02414]

2

tice sites are labeled by integers, Γ = {(n1, n2, n3)|ni ∈
Z}. The spin variable σn defined on a site n takes
two values σn = ±1. The Hamiltonian is given by
H = −J

2

∑
n∈Γ

∑3
µ=1 σnσn+µ̂ where J is a coupling con-

stant and µ̂ stands for the unit vector of the µ direction.
The partition function Z = Tr(e−βH) with the inverse
temperature β = 1/T is expressed as a uniform tensor
network:

Z =
∏

n∈Γ

Tx−
n x+

n y−
n y+

n z−
n z+

n
(1)

where

Txx′yy′zz′ =
2∑

a=1

WaxWax′WayWay′WazWaz′ , (2)

with a 2× 2 matrix,

W =

(√
cosh(βJ/2)

√
sinh(βJ/2)√

cosh(βJ/2) −
√
sinh(βJ/2)

)
. (3)

and x+
n = x−

n−1̂
, y+n = y−

n−2̂
, z+n = z−

n−3̂
. Fig. 1 shows the

rhs of eq.(1) graphically. Any link is shared by two ten-
sors, that is, the same indices which appear twice in (1)
are contracted with the Einstein summation convention.

Tx1

y1+

y1
z1

z1+ x1+ x1 x1+

y1z1

z1+y1+
a1 c1d1

ABCD

FIG. 2. The rank-three tensor representation of the initial
tensor T .

The renormalization algorithm is given for a tensor
network made only of rank-3 tensors. The network (1)
can be expressed as such a network because T is given
by a network of four rank-3 tensors A,B,C,D as

Txx′yy′zz′ =
2∑

a,b,c=1

Ax′z′aBy′acCybcDxzb. (4)

where

Axza = Dxza ≡ WaxWaz, (5)

Byab = Cyab = δabWay. (6)

Fig.2 shows this representation of T . Note that the bond
dimension of rank-3 tensors is two, which is the same as
that of T . For other models, a decomposition of T with
the SVD is needed, and the bond dimension can be larger
than that of T . We basically consider a case in which the
initial tensor T has a sufficiently small bond dimension
in general.
————————–
We should prepare the isometry for this rank-three rep-

resentation. From now on, we assume the size of the all
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index is D. The constraction of the isometry in rank-
3 TRG method for x+-direction is shown in Figure 3.
Namely, first we take a part of the contraction to calcu-
late AA,BB,CDDC,BCDDCB as followings,

[AA]x1+x′
1+c1c′1

=
∑

z1+

Ax1+z1+c1Ax′
1+z1+c′1

,

[BB]c1c′1a1a′
1
=
∑

y1+

By1+c1a1By1+c′1a
′
1
,

[CDDC]a1a′
1bb

′ =

∑

d1,d′
1

Cba1d1

(
∑

x1z1

Dx1z1d1Dx1z1d′
1

)
Cb′a′

1d
′
1
,

[BCDDCB]bb′c2c′2 =

∑

a2,a′
2

(
∑

y2

Bbc2a2 [CDDC]a2a′
2y2y2

Bb′c′2a
′
2

)
. (7)

These contraction need the O(D5) leading cost without
any approximations. We take the contraction of these
tensor to make the tensor K,

K = [AA][BB][CDDC][BCDDCB][AA]t. (8)

This contraction is done with O(D6) cost without any
approximations. We can apply the randomized trunca-
tion method to these contractions, and then the leading
cost can be O(D5) for the three-dimensional tensor net-
works. By decomposing the tensor K, we can calculate
the isometry Ux1+x2+X for the x+-direction.

Note that this method for the isometry can be straight-
forwardly generalized to the higher dimensional systems,
and the leading cost of this extension is the same in any
higher dimensions.

After preparing the isometry for x-direction as
Ux1+x2+X+ and Ux1x2X , and z-direction as Vz1+z2+Z+ and
Vz1z2Z , we can take coarse-graining of these directions.
We shows the explicit way to contract in the Figure 4.
Namely, we consider the following contractions for rank-3

◇ Using the Triad (Rank-3) tensor as a fundamental tensor
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TRG.
∑

b

∑

a1,c1,d1

∑

a2,c2,d2

∑

x1+,x1,z1+,z1

∑

x2+,x2,z2+,z2

1

×Ax1+z1+c1By1+a1c1Cba1d1Dx1z1d1

×Ax2+z2+c2Bba2c2Cy2a2d2Dx2z2d2

× Ux1+x2+X+Ux1x2XVz1+z2+Z+Vz1z2Z . (9)

At the first step, we calculate AVx1+c1z2+Z+ ,
AUx1+c2z2+X+ , UDx2d1z1X , V Dx2d2z1Z , and CBa1a2c2d1 ,
with the O(D5) cost without truncation. As the
second step, we make the tensors CBCa2d1c1c2 and
AV AUc1c2X+Z+ with the O(D6) cost without trunca-
tion. Although it can be approximated by the cost
O(D5), we do not use the truncation method for this
part because of the precision. The third step is taking
the contraction to make a tensor CBCAV AU and
decompose the tensor by the O(D6) cost truncated SVD

with the singular-value Λ(f)
f ,

CBCAV AUy1+a2d1X+Z+ =
CDD∑

f=1

A′
Z+y1+fΛ

(f)
f GX+a2d1f .

(10)
For the precision, we can introduce the coefficient CD for
this auxiliary decomposition. It does not change the cost
if the coefficient is small enough, CD " D. In this letter,
we simply take CD = 1.
We also take a similar contraction for the left side of

the diagram as the fourth step. We calculate the tensors
CGy2X+fd1d2 and UDVDd1d2XZ with O(D6) cost with-
out truncation method, and after that we decompose the
tensor C[GΛ(f)]UDVD by O(D6) cost truncated SVD as
followings,

C[GΛ(f)]UDVDy1X+fXZ =
CDD∑

g=1

D′
Zy2gΛ

(g)
g G′

XX+fg.

(11)
The fifth step is truncated decomposition of the tensor

[Λ(g)G′] with O(D5) cost,

[Λ(g)G′]XX+fg =
CDD∑

h=1

P ′
X+hfΛ

(h)
h Q′

Xhg. (12)

We define the tensor B′
X+hf =

√
Λ(h)
h P ′

X+hf and C ′
Xhg =√

Λ(h)
h Q′

X+hf . Finally we can constract the coarse

grained tensor T ′ in the rank-three representation,

T ′
ZZ+XX+y2y1+

≡
CDD∑

f,g,h=1

A′
Z+y1+fB

′
X+hfC

′
XhgD

′
Zy2g.

(13)
Since rank-3 TRG is closed in the rank-three represen-

tation, we can iteratively take the coarse-graining with-
out any additional costs. The total cost is O(D6) or
higher-order depending on the approximation.

One important property of rank-3 TRG is the weight of
the singular value is gathered for the next decomposition
because of the precision. Namely, the singular values

Λ(f)
f and Λ(g)

f are concentrated on the tensor which will

be decomposed. (i.e.) C[GΛ(f)]UDVD and [Λ(g)G′].
This property is also known for the ATRG.

We should mention that the further decomposition of
the tensor CB before the second step. If we decompose
this tensor before the second step, we can reduce the total
cost to O(D5). However, this additional decomposition
does not well work at least for the three-dimensional Ising
model. Since the approximation by the SVD is optimized
only for the local tensor, SVD for a part of the tensor
could be difficult without loss of precision. In this letter,
we focus on the contraction without CB decomposition.

As an important extension, rank-3 TRG can apply to
the higher dimensional system, although there are many
kinds of variation which depends on how approximate
the matrix products and taking the additional SVD or
not. In any cases, if we based on the rank-three tensor
representation and does not decompose ”center” tensor
CB, the contraction cost is O(D3+d) with the truncated
method. In this letter, we focus on the three-dimensional
system.

RESULTS

We test the Tri-RG method in three dimensional
Ising model on a periodic lattice with the volume V =
(32768)3 = (215)3 at the critical temperature (2Tc/J) =
4.5115 [6, 12, 14]. The free energy defined as F =
− 1

β logZ is evaluated from an average value of four trials
with different random numbers of the RSVD, and the er-
ror is estimated from the standard deviation. In order to
improve the precision, we consider 100 configuration to
estimate the error for Tri-RG in the range D ≤ 24. The
numerical computation is carried out with 2.7 GHz Intel

2

tice sites are labeled by integers, Γ = {(n1, n2, n3)|ni ∈
Z}. The spin variable σn defined on a site n takes
two values σn = ±1. The Hamiltonian is given by
H = −J

2

∑
n∈Γ

∑3
µ=1 σnσn+µ̂ where J is a coupling con-

stant and µ̂ stands for the unit vector of the µ direction.
The partition function Z = Tr(e−βH) with the inverse
temperature β = 1/T is expressed as a uniform tensor
network:

Z =
∏

n∈Γ

Tx−
n x+

n y−
n y+

n z−
n z+

n
(1)

where

Txx′yy′zz′ =
2∑

a=1

WaxWax′WayWay′WazWaz′ , (2)

with a 2× 2 matrix,

W =

(√
cosh(βJ/2)

√
sinh(βJ/2)√

cosh(βJ/2) −
√
sinh(βJ/2)

)
. (3)

and x+
n = x−

n−1̂
, y+n = y−

n−2̂
, z+n = z−

n−3̂
. Fig. 1 shows the

rhs of eq.(1) graphically. Any link is shared by two ten-
sors, that is, the same indices which appear twice in (1)
are contracted with the Einstein summation convention.
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FIG. 2. The rank-three tensor representation of the initial
tensor T .

The renormalization algorithm is given for a tensor
network made only of rank-3 tensors. The network (1)
can be expressed as such a network because T is given
by a network of four rank-3 tensors A,B,C,D as

Txx′yy′zz′ =
2∑

a,b,c=1

Ax′z′aBy′acCybcDxzb. (4)

where

Axza = Dxza ≡ WaxWaz, (5)

Byab = Cyab = δabWay. (6)

Fig.2 shows this representation of T . Note that the bond
dimension of rank-3 tensors is two, which is the same as
that of T . For other models, a decomposition of T with
the SVD is needed, and the bond dimension can be larger
than that of T . We basically consider a case in which the
initial tensor T has a sufficiently small bond dimension
in general.
————————–
We should prepare the isometry for this rank-three rep-

resentation. From now on, we assume the size of the all
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index is D. The constraction of the isometry in rank-
3 TRG method for x+-direction is shown in Figure 3.
Namely, first we take a part of the contraction to calcu-
late AA,BB,CDDC,BCDDCB as followings,

[AA]x1+x′
1+c1c′1

=
∑

z1+

Ax1+z1+c1Ax′
1+z1+c′1

,

[BB]c1c′1a1a′
1
=
∑

y1+

By1+c1a1By1+c′1a
′
1
,

[CDDC]a1a′
1bb

′ =

∑

d1,d′
1

Cba1d1

(
∑

x1z1

Dx1z1d1Dx1z1d′
1

)
Cb′a′

1d
′
1
,

[BCDDCB]bb′c2c′2 =

∑

a2,a′
2

(
∑

y2

Bbc2a2 [CDDC]a2a′
2y2y2

Bb′c′2a
′
2

)
. (7)

These contraction need the O(D5) leading cost without
any approximations. We take the contraction of these
tensor to make the tensor K,

K = [AA][BB][CDDC][BCDDCB][AA]t. (8)

This contraction is done with O(D6) cost without any
approximations. We can apply the randomized trunca-
tion method to these contractions, and then the leading
cost can be O(D5) for the three-dimensional tensor net-
works. By decomposing the tensor K, we can calculate
the isometry Ux1+x2+X for the x+-direction.

Note that this method for the isometry can be straight-
forwardly generalized to the higher dimensional systems,
and the leading cost of this extension is the same in any
higher dimensions.

After preparing the isometry for x-direction as
Ux1+x2+X+ and Ux1x2X , and z-direction as Vz1+z2+Z+ and
Vz1z2Z , we can take coarse-graining of these directions.
We shows the explicit way to contract in the Figure 4.
Namely, we consider the following contractions for rank-3

◇ projection operator U ◇ contraction part 

→ We apply HOTRG-like procedure to Triad tensor rep.
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◉ Randomized-SVD
[S. Morita, et al. arXiv:1712.01458]
[N. Halko, et al. arXiv:0909.4061]

◇ Approximated contraction by orthogonal matrix 
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◇ Cost function

→ Approximated CONTRACTION of tensor network.
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O(D6)

O(D5)

NOTE: R-SVD provides approximation of ABCD.
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◉ HOTRG

◉ HOTRG with R-SVD
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U (~y)tU (~x)tAAU (~x)U (~y) ! A(next)

<latexit sha1_base64="XiLyxLfTpo9RKDtd6nUGNB5DfiA="></latexit>

QQ†U (~y)tU (~x)tAAU (~x)U (~y) ' A(next)

<latexit sha1_base64="veHoEi3qDlI4GHbaVfobKoUNPrs="></latexit>

O(D4d�1) ! O(D3d)
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◉ HOTRG

◉ HOTRG with R-SVD

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

                                            [K.N. arXiv:2307.14191]
[D. Kadoh, K.N. arXiv:1912.02414]

→ Contraction with R-SVD
<latexit sha1_base64="veHoEi3qDlI4GHbaVfobKoUNPrs="></latexit>

O(D4d�1) ! O(D3d)

 R-SVDO(D9) O(D9)

O(D11)



<latexit sha1_base64="D6CyJK81nddkr51iKMpU9sX8SSg="></latexit>

QQ
†
U

0(~y)t
U

0(~x)t
EFGHU

0(~x)
U

0(~y) = Q⇤ ' A
(next)
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◉ Minimally-decomposed TRG(MDTRG)

<latexit sha1_base64="Ryr0hPkJvdP9wxbtn8zpGR9F3iM="></latexit>y2
<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="/hiHyZuM77iD2AjLxZrVb7+MC2E="></latexit>e

<latexit sha1_base64="n2eZad1QF8yK1KOGd2QniB+UPeA="></latexit>g

<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>

x0
1

<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01

<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="c/AriGdz/N7F7Cld1yHuo0m+Klc="></latexit>x1
<latexit sha1_base64="Yrd5PgmGbDJURAc1U7r0SPdlPKg="></latexit>y1

<latexit sha1_base64="BVrTQf/Z15pknugCAC88HUs+1r0="></latexit>

x0
2

<latexit sha1_base64="mvP9JFU0HqqCPd1+H3E649hYgfA="></latexit>x2

<latexit sha1_base64="eviWp8Ha4ymgdScoBeavF/R2Vus="></latexit>

y02

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0

<latexit sha1_base64="Y3HN9h/kRjITi0Kms59Qmv+KfmM="></latexit>

U 0(~x)

<latexit sha1_base64="GU+5v4cmH9T7Q7NpAbo2MeVGBpI="></latexit>

U 0(~y)

<latexit sha1_base64="8fK4Wqkp+1Vn7Zqqc3fVzNYOCRQ="></latexit>

U 0(~y)t

<latexit sha1_base64="CtRDC4FCC9ojBQuQUziCEp4H+J8="></latexit>

U 0(~x)t
<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃

→ We already have tensor of order d+1 rep.

<latexit sha1_base64="g/unx7fwadvwCmEZgDYSebITydk="></latexit>

O(D3d) ! O(D2d+1)

◇ Cost reduction

<latexit sha1_base64="4mwrr1GtX5cALEJzUQJmI/k9enQ="></latexit>

EFGH = Q⇤Q⇤

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q
<latexit sha1_base64="+IJXmGMV81Ji9ldwg+U1EaARLPI="></latexit>=

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="+IJXmGMV81Ji9ldwg+U1EaARLPI="></latexit>=

A:Order 2d E,F,G,H:Order d+1 ,   :Order d+1
<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q
<latexit sha1_base64="BhxRpL1SgCJIxXZ+ApngRw3d64Q="></latexit>

⇤

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="lx/zUXdPO3KTujrzlMn1W0hvSTw="></latexit>

Q†

<latexit sha1_base64="Mzv9gUTGwayTQ4urlofwrYKZCuY="></latexit>

X̃

<latexit sha1_base64="Kzl7UP978GPXhHn5ndLDMIvUn10="></latexit>

Ỹ

◇ Contraction with EFGH,   
<latexit sha1_base64="JRda8BLZLFMKaMzkaG5ZZO61qPI="></latexit>

Q

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

                                            [K.N. arXiv:2307.14191]
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◉ HOTRG with R-SVD

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>

x0
1

<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01
<latexit sha1_base64="c/AriGdz/N7F7Cld1yHuo0m+Klc="></latexit>x1

<latexit sha1_base64="Yrd5PgmGbDJURAc1U7r0SPdlPKg="></latexit>y1

<latexit sha1_base64="Ryr0hPkJvdP9wxbtn8zpGR9F3iM="></latexit>y2

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="BVrTQf/Z15pknugCAC88HUs+1r0="></latexit>

x0
2

<latexit sha1_base64="mvP9JFU0HqqCPd1+H3E649hYgfA="></latexit>x2

<latexit sha1_base64="eviWp8Ha4ymgdScoBeavF/R2Vus="></latexit>

y02 <latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="KPDeVK46Ic7cB62t4slNLa7G7Ng="></latexit>

U (~y)

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="lx/zUXdPO3KTujrzlMn1W0hvSTw="></latexit>

Q† <latexit sha1_base64="TPf8cNgzr4MDlBFdPOQsa+Pzdl8="></latexit>

U (~y)t

<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃

<latexit sha1_base64="Mzv9gUTGwayTQ4urlofwrYKZCuY="></latexit>

X̃

<latexit sha1_base64="Kzl7UP978GPXhHn5ndLDMIvUn10="></latexit>

Ỹ

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A
<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>

x0
1

<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01
<latexit sha1_base64="c/AriGdz/N7F7Cld1yHuo0m+Klc="></latexit>x1

<latexit sha1_base64="Yrd5PgmGbDJURAc1U7r0SPdlPKg="></latexit>y1

<latexit sha1_base64="Ryr0hPkJvdP9wxbtn8zpGR9F3iM="></latexit>y2
<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="BVrTQf/Z15pknugCAC88HUs+1r0="></latexit>

x0
2

<latexit sha1_base64="mvP9JFU0HqqCPd1+H3E649hYgfA="></latexit>x2

<latexit sha1_base64="eviWp8Ha4ymgdScoBeavF/R2Vus="></latexit>

y02 <latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="KPDeVK46Ic7cB62t4slNLa7G7Ng="></latexit>

U (~y)

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="TPf8cNgzr4MDlBFdPOQsa+Pzdl8="></latexit>

U (~y)t

<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

◉ MDTRG

                                            [K.N. arXiv:2307.14191]

<latexit sha1_base64="Ryr0hPkJvdP9wxbtn8zpGR9F3iM="></latexit>y2
<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="/hiHyZuM77iD2AjLxZrVb7+MC2E="></latexit>e

<latexit sha1_base64="n2eZad1QF8yK1KOGd2QniB+UPeA="></latexit>g

<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>

x0
1

<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01

<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="c/AriGdz/N7F7Cld1yHuo0m+Klc="></latexit>x1
<latexit sha1_base64="Yrd5PgmGbDJURAc1U7r0SPdlPKg="></latexit>y1

<latexit sha1_base64="BVrTQf/Z15pknugCAC88HUs+1r0="></latexit>

x0
2

<latexit sha1_base64="mvP9JFU0HqqCPd1+H3E649hYgfA="></latexit>x2

<latexit sha1_base64="eviWp8Ha4ymgdScoBeavF/R2Vus="></latexit>

y02

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0

<latexit sha1_base64="Y3HN9h/kRjITi0Kms59Qmv+KfmM="></latexit>

U 0(~x)

<latexit sha1_base64="GU+5v4cmH9T7Q7NpAbo2MeVGBpI="></latexit>

U 0(~y)

<latexit sha1_base64="8fK4Wqkp+1Vn7Zqqc3fVzNYOCRQ="></latexit>

U 0(~y)t

<latexit sha1_base64="CtRDC4FCC9ojBQuQUziCEp4H+J8="></latexit>

U 0(~x)t
<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃

<latexit sha1_base64="Ryr0hPkJvdP9wxbtn8zpGR9F3iM="></latexit>y2
<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="/hiHyZuM77iD2AjLxZrVb7+MC2E="></latexit>e

<latexit sha1_base64="n2eZad1QF8yK1KOGd2QniB+UPeA="></latexit>g

<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>

x0
1

<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01

<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="c/AriGdz/N7F7Cld1yHuo0m+Klc="></latexit>x1
<latexit sha1_base64="Yrd5PgmGbDJURAc1U7r0SPdlPKg="></latexit>y1

<latexit sha1_base64="BVrTQf/Z15pknugCAC88HUs+1r0="></latexit>

x0
2

<latexit sha1_base64="mvP9JFU0HqqCPd1+H3E649hYgfA="></latexit>x2

<latexit sha1_base64="eviWp8Ha4ymgdScoBeavF/R2Vus="></latexit>

y02

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0

<latexit sha1_base64="Y3HN9h/kRjITi0Kms59Qmv+KfmM="></latexit>

U 0(~x)

<latexit sha1_base64="GU+5v4cmH9T7Q7NpAbo2MeVGBpI="></latexit>

U 0(~y)

<latexit sha1_base64="8fK4Wqkp+1Vn7Zqqc3fVzNYOCRQ="></latexit>

U 0(~y)t

<latexit sha1_base64="CtRDC4FCC9ojBQuQUziCEp4H+J8="></latexit>

U 0(~x)t
<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="lx/zUXdPO3KTujrzlMn1W0hvSTw="></latexit>

Q†

<latexit sha1_base64="Mzv9gUTGwayTQ4urlofwrYKZCuY="></latexit>

X̃

<latexit sha1_base64="Kzl7UP978GPXhHn5ndLDMIvUn10="></latexit>

Ỹ

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="g/unx7fwadvwCmEZgDYSebITydk="></latexit>

O(D3d) ! O(D2d+1)

<latexit sha1_base64="D6CyJK81nddkr51iKMpU9sX8SSg="></latexit>

QQ
†
U

0(~y)t
U

0(~x)t
EFGHU

0(~x)
U

0(~y) = Q⇤ ' A
(next)

<latexit sha1_base64="XiLyxLfTpo9RKDtd6nUGNB5DfiA="></latexit>

QQ†U (~y)tU (~x)tAAU (~x)U (~y) ' A(next)



→ R-HOTRG, MDTRG, Triad-MDTRG results are consistent 
     with HOTRG (additional systematic error is not dominant).

◉ Free energy density of 3d-Ising model

(3d Ising)

[D. Kadoh, K.N. arXiv:1912.02414]

(3d Ising) (3d Ising)

                                            [K.N. arXiv:2307.14191]

(3d Ising)
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◉ Summary
◇ How about HOTRG with Randomized-SVD?

→ R-HOTRG,  MDTRG, and Triad-MDTRG produce 
consistent result with the HOTRG. The dominant systematic 
error is the truncation of the isometry.
→ We have to pay attention to the cost function.

◇ Can we reduce the systematic error from decomposition?

◇ HOTRG
<latexit sha1_base64="oIHxHyyFcRL8rSqOwCMrVG8GlgI="></latexit>

O(D4d�1)
<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

◇ MDTRG
<latexit sha1_base64="LCRtKig/wTQNZayw6YoMFyj6Zac="></latexit>

O(D2d+1)
<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

◇ Triad-MDTRG
<latexit sha1_base64="jsRnmzg+8VduVn7Uf6YM9axe1XA="></latexit>

O(Dd+3)

<latexit sha1_base64="dWJlh2WZyhHJMQ6avmJ/ieYaq08="></latexit>

2d

<latexit sha1_base64="wnLHuLVC9SJgG1Zhn2h4frlKdMk="></latexit>

d+ 1

<latexit sha1_base64="wnLHuLVC9SJgG1Zhn2h4frlKdMk="></latexit>

d+ 1
<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

with R-SVD w/o R-SVD unit-cell order
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