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QCD systems at non-zero chemical potential cRc.-rm

Strongly interacting matter under extreme conditions:
» a number of systems dominated by up
e Heavy-lon collisions

e Neutron stars

important contribution from pg # 0
» others possibly dominated by 1
e Early Universe at large individual [,
Important for description:
need the EoS at up, pg, s # 0

History of the Universe
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EoS at non-zero chemical potentials CRC’-'I%

Typical method: integral method with Taylor expansion around p =0

0 Ot p(T )] Lo ym
p Ta/-_j =P T*O + n n n — i '
To=r00+ 3, Fmmmam | 5w
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EoS at non-zero chemical potentials CRC’-'I%

Typical method: integral method with Taylor expansion around p =0

0 Ot p(T )] Lo ym
p Ta/-_j =P T*O + n n n — i '
To=r00+ 3, Fmmmam | 5w

“Physical” chemical potential basis:

:u_3+2ucz LB [Q _ BB _HQ

Hu="3"T73 3 3
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EoS at non-zero chemical potentials cRc’-rm

Typical method: integral method with Taylor expansion around p =0

= o~ OmMEEns [p(T )] L \n
p Ta /-_i =P T7 0) + n T2 n — (M '
( ) ( ) nlgg,::l (r“)/hl 8M22 aMSS PG 1:[ n;! ( 7)

“Physical” chemical potential basis:

:u_3+2ucz 0;;

Moy 3 3 H'd:?__

Limitations:

e finite radius of convergence
(bounds difficult to compute)

e cannot extrapolate accross
phase transitions
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EoS at non-zero chemical potentials cRc’-rm

Typical method: integral method with Taylor expansion around p =0

= o~ OmMEEns [p(T )] L \n
p Ta /-_i =P T7 0) + n T2 n — (M '
( ) ( ) m;:l (r“)/hl 8M22 aMSS PG 1:[ n;! ( 7)

“Physical” chemical potential basis:

:u_3+2ucz 0;;

Moy 3 3 H'd:?__

Limitations:
e finite radius of convergence
(bounds difficult to compute)

e cannot extrapolate accross
phase transitions

Better for systems with large ji¢:
expand directly around non-zero py
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QCD at non-zero isospin chemical potential cRc’-rm

Convenient chemical potential basis for simulations:  (“isospin” basis)

Moy = por, + pr Bd = L, — {1 s

I“I #0, pp=ps=0| pureisospin chemical pot. — no sign problem

180 ' ' ' ' » improved actions
1oy (staggered)
_ 160 . .
= » physical pion masses
= 150; . ]
pion i
= 140 ¢ condensation 1 > T # 0:
ol N, = (6,)8, 10, 12
5 s s L0
‘ ' ' a=0.22, 0.15 [0.1] fm

for /M
[ Brandt, Endrédi, Schmalzbauer '18 |

EoS from canonical @ T'=0 [ Detmold et al '12, '23, '24 ]

26.09.2024
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Contents cRc’-rm

| Equation of state at non-zero

Il Taylor expansion to non-zero py, s

Il An application: EoS at non-zero charge chemical potential
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| Equation of state at non-zero py
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Equation of state at p; # 0 cRc’-ﬁ

p(T, pr) = p(T,0) + Ap(T, pr) I(T, pur) = I(T,0) + AI(T, p1)

[ > |

[ Borsanyi et al '13, Bazavov et al '14 | to be determined
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Equation of state at p; # 0 cRc’-ﬁ

p(T, pr) = p(T,0) + Ap(T, pr) I(T, pur) = I(T,0) + AI(T, p1)

[ > |

[ Borsanyi et al '13, Bazavov et al '14 | to be determined

1224 8
> AI(T,pr) = / duy (Ta_T - 4)”1(T7 1) + prnr (T, por)
0

1224
> Ap(T,ur) = / dpni(T, )
0

use all spline interpolations which
provide a “good” description of ny
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Equation of state at p; # 0 CRc’-ﬁ

p(T, pr) = p(T,0) + Ap(T, pr) I(T, pur) = I(T,0) + AI(T, p1)

I > ]

[ Borsanyi et al '13, Bazavov et al '14 | to be determined

1224 8
> AI(T,pr) = / duy (Ta_T - 4)”1(T7 1) + prnr (T, por)
0

1224 5
> ApTopn) = [ duni(Tp) 1 qep -

use all spline interpolations which
provide a “good” description of ny

hadronicg

owo X

need to compute:

M: fermion matrix
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Necessity of A-extrapolations CRC’-'I%

D = ~5,Dy + mua +70T3 i1 e cannot observe spontaneous

symmetry breaking in finite V
SUv(2) —= Uo(l) —> &

| | e low mode in simulations
explicit spontaneous

pr # 0 pr > My /2

Y5 T2
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Necessity of A-extrapolations CRC’-'I%

D =7, Dy + mug +7073 o1 +iy572 A e cannot observe spontaneous
SUY (2) 4 Uo(1) ‘ > symmetry breaking in finite V'
| |
explicit explicit
wr #0 pionic source \

e low mode in simulations

» need to break symmetry explicitly

= introduce regulator: ~ A\
pionic source [ Kogut, Sinclair '02 ]

physical results: extrapolate A — 0
main task for analysis
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Necessity of A-extrapolations CRC’-'I%

D =7, Dy + mug +7073 o1 +iy572 A e cannot observe spontaneous
SUY (2) 4 Uo(1) ‘ > symmetry breaking in finite V'
| | e low mode in simulations
explicit explicit
wr #0 pionic source A

» need to break symmetry explicitly

= introduce regulator: ~ A\
pionic source [ Kogut, Sinclair '02 ]

physical results: extrapolate A — 0

main task for analysis
> facilitated by improvement program:  ¢ysmy
[ Brandt, Endrédi, Schmalzbauer '18 ]
e leading order reweighting

e valence quark improvement for light quarks
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Valence quark improvement for densities cRc’-rm

Up to now: consider 1st derivatives — densities

OETr[M_lOA} cx: O= gﬁb_]\f( with M = DT (u)D(p) + \?

» typically: compute the trace stochastically
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Valence quark improvement for densities cRc’-rm

Up to now: consider 1st derivatives — densities

OETr[M_lOA} cx: O= gﬁb_]\f( with M = DT (u)D(p) + \?

» typically: compute the trace stochastically

> alternative:  use singular values  DT(u)D (1), = 20,

Niat

0-%" £1,00n
n=0

STEv
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Valence quark improvement for densities cRc’-rm

Up to now: consider 1st derivatives — densities

OETr[M_lOA} cx: O= g/i_]\){ with M = DT (u)D(p) + \?

» typically: compute the trace stochastically

> alternative:  use singular values  DT(u)D (1), = 20,

Niat QOT O(p R
= Z €2n+ v Z 52 + )\2 with O,,, = gp;fLOgom
n=0 >7

here:  can formally set A =0
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Valence quark improvement for densities cRc’-rm

Up to now: consider 1st derivatives — densities

OETr[M_lOA} cx: O= gﬂ_ﬂi with M = DT (u)D(p) + \?

» typically: compute the trace stochastically

> alternative:  use singular values  DT(u)D (1), = 20,

Nlat @ILO@H N O’nn . T Ay
O = Z ~ Z with  Opm = ¢, Opm,
n=0 n=0

— Sh A &+ A2
here:  can formally set A =0
=P climinate leading A-dependence via

. o _ SN : N
lim (0) = lim (O =65 ) + lim (35

N Y 1 1
with 60 = Z_;)Onn<£r2l_~_—>\2 - g)
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Valence quark improvement for densities cRc’-rm

Up to now: consider 1st derivatives — densities

OETr[M_lOA} cx: O= g/i_]\){ with M = DT (u)D(p) + \?

» typically: compute the trace stochastically

> alternative:  use singular values  DT(u)D (1), = 20,

Niat QOT O(p R
= Z €2n+ v Z 52 + )\2 with O,,, = gp;fLOgom
n=0 >7

here:  can formally set A =0

=P climinate leading A-dependence via

. s _sN
lim (0) = lim (0 = 65) +0

N Y 1 1
with 60 = Z_;)Onn<£r2l_~_—>\2 - g)
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Valence quark improvement for densities cRc’-rm

Up to now: consider 1st derivatives — densities

OETr[M_lOA} cx: O= g/i_]\){ with M = DT (u)D(p) + \?

» typically: compute the trace stochastically

> alternative:  use singular values  DT(u)D (1), = 20,

>0 oy O
n n . A
= with O = 0l Op
2 2 2 2 nm n m
=&t A . &2 + >\
here:  can formally set A =0 0 —
T =124 MeV
=P climinate leading A-dependence via Z 0l @ ax = 0.0006
T | e
lim (O) = lim (O —65) +0 = 3
,\lg%)< ) /\IE>I%J< o)+ % %%
—0.4 [oJgoN0] @ [0} [0}
with 6g = i@nn<; _ i) 0 20 40 60 80 100 120
= G+3 & N

26.09.2024
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Valence quark improvement for densities cRc’-rm

Up to now: consider 1st derivatives — densities

OETr[M_lOA} cx: O= g/i_]\){ with M = DT (u)D(p) + \?

» typically: compute the trace stochastically

> alternative:  use singular values  DT(u)D (1), = 20,
Niat

L0
:;§%+i2 Z

here:  can formally set A =0

52 + )\2 with  Opy = SOILOAQDm

pr/mez =05
L2001~ 194 Mev
=P climinate leading \-dependence via 2, 09
/\: Owith improvement
lim <O> = lim <O - 6]OV> + 0 £ 0.6+ Owithout improvement
A—=0 A—=0
N 1 1 03—/
with o — § :O - 0 0.5 1 L5
O nn 52 + )\2 52 A/ Mua
n=0 n n
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the EoS at uy # 0 CRC-TR2n

/T

T [MeV] /e 0 120

Speed of sound:

0.8 :
!

e~ 0.22 fm

0.6 e~ 0.15 fm

conformal
bound

0.8 0.2
0 40'6 vacuum

0.2
1000 b

3 04 05 06 07 08 09
fur /e

see also QCoD: [ lida, Itou 22 ]

T [MeV]
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Il Taylor expansion to non-zero pp,
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Taylor expansion around iy # 0 cRc’-ﬁ

Extension to ur, s # 0:

. =1 9m"p(T, i n, \m
p(Ta :u) = p(T7 K, 07 O) + Z nlm! aun[pa(umlu)] (:u‘L) (,UJS)
nom=1 " " L s wrpbs=0
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Taylor expansion around iy # 0 cRc’-rm

Extension to ur, s # 0:

_ o~ 1 9" p(T, )] ng o \m
p(T, i) = p(T, j11,0,0) + Tl o D ()" (1s)
nom=1 " " K Ots Wi, ps=0
» Leading order:  only non-zero coefficients are
O2p(T, i O*[p(T, i

XzL(T7 pr) = M & x5(T,pr) = M
a,u’L _ aﬂ‘s _
prps=0 mr,ps=0
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Taylor expansion around iy # 0 cRc’-rm

Extension to ur, s # 0:

. — 1 0"om[p(T, i) ngo\m
n,m=1 s Wi, ps=0
» Leading order:  only non-zero coefficients are
?p(T, i O[p(T, i
XzL(T7 pr) = % & x5(T,pr) = %
L prps=0 s mr,ps=0
. b'e T 2 2
> Generically: x5 = V[ <cXX> —|—<(cX) >—<cX> }
—_—— —
connected disconnected
oM
with  ¢cx =Tr [M_l—] M: fermion matrix
Opx
Jdcx 1 O*M 4 OM  _, OM
= — = T M —M ™ ——
KX Dux { (3MX)2] * r[ oux 8NX:|
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Valence quark improvement for susceptibilities CRC’-'I%

i = Lo+ {(ex?) — (ex))

> disconnected terms:  as above  ((cx — 5?;)2> —{ex — 5?)’(}2
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Valence quark improvement for susceptibilities cRc’-rm

i = Lo+ {(ex?) — (ex))

> disconnected terms:  as above  ((cx — 5?;)2> —{ex — 5?)’(}2

> two connected terms:

92M
, _ -1
cxx =Te[M e

a1 OM aM]

} —|—Tr[ Oux Opx

e treat as above
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Valence quark improvement for susceptibilities cRc’-rm

i = Lo+ {(ex?) — (ex))

> disconnected terms:  as above  ((cx — 5?;)2> —{ex — 5?)’(}2

> two connected terms:

*M oM oM
. =T M71 T M71 7M71 e
exx =Ti| (aux)z} £ Dix aux}
e treat as above
Cio = Tr [M_IOA(I)M_IOA(Q)}

Q

Yool o)
L g erar

n,m=0
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Valence quark improvement for susceptibilities cRc’-rm

i = Lo+ {(ex?) — (ex))

> disconnected terms:  as above  ((cx — 5?;)2> —{ex — 5?;}2

> two connected terms:

0?*M oM oM
. =T M71 T M71 7M71 e
exx =Tr| (aux)z} +Tr] Dix aux}
e treat as above 0
Cio = Tr [M_IOA(UM_IOA(Q)}

—05 %%%% % % %

N 0(1) 0(2) = %
nm nm 1/me =05
Z f%z + A2 ETZL + A2 . % ;:/ 124 MeV

N /0 )

Q

n,m=0 a) = 0.0006
0 20 40 60 80 100 120
— improvement term: N
1 1 11
SN — oMo (2)( ___)
e Z TG N 2 g8,

n,m=1

Bastian Brandt QCD thermodynamics at non-zero uy & pupg 26.09.2024 12



Valence quark improvement for susceptibilities cRc’-rm

i = Lo+ {(ex?) — (ex))

> disconnected terms:  as above  ((cx — 5?;)2> —{ex — 5?;}2

> two connected terms:
0> M

oM oM
xx = Tr|M™ TrlM 1S 1
- r[ (Opx )2} ! r[ Ix 8ux]
e treat as above o
for/ma = 0.77
Cia = Tr {M‘lOA(l)M—lOA(2):| T = 132 MV

X /m

Q

Owithout improvement

Yol o b
n%;() fq?n + )\2 57% + )\2 0 Owith imfmvcmcm ?

0 0.5 1 1.5 2
— improvement term: A/mua
11 11
N 1) »(2) -
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A-extrapolated Taylor coefficents @ N; = 8 CRC-TR2n

> results for xZ (T, 1) using standard A-extrapolations:

10 10
T =123 MeV T = 147 MeV
8 standard 8 standard
ar 6 ak 6
£ £
<a 4 Ry 4
= =
2 2
ol--o--8__® [ __|___[__|__ O b e e
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
fr/my r/mg

Large uncertainties for x% (T, ;) in the BEC phase!

» \5(T, ps) not affected  (no source parameter)

0.6 0.6
T =123 MeV T = 147 MeV

0.4 0.4
o a
£ £
= =
3 3

0.2 0.2

0 0

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
HI/m'rr I’l/mwr
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Improved computation method cRc’-rm

Observation:  equal connected parts in p, and pr derivatives
CLL = CIT

=P Can we use that somehow?
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Improved computation method cRc’-rm

Observation:  equal connected parts in p, and pr derivatives
CLL = CIT
=P Can we use that somehow?

» for EoS computation: model independent spline interpolation of ny
[ Brandt, Cuteri, Endrédi '22 ]

= know u; dependence of ny

on . . .
compute = _ Xé(T, r) analytically from spline interpolation

Opr
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Improved computation method cRc’-rm

Observation:  equal connected parts in p, and pr derivatives
CLL = CIT

=P Can we use that somehow?

» for EoS computation: model independent spline interpolation of ny
[ Brandt, Cuteri, Endrédi '22 ]

= know u; dependence of ny

on . . .
compute = _ Xé(T, r) analytically from spline interpolation

Opr

> finally compute x4 (T, 1) using

X5 (T, pur) = X5(T, pur) +§[<(CL)2> —(er)” = {{(en)?) = {er)"}]
A—=0 AZ0

(A-extrapolation for disconnected typically better behaved)
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A-extrapolated Taylor coefficents @ N; = 8 cRc’-rm

> comparison of the methods for x4 (T, uu;) in BEC:

10 10
T =123 MeV T =147 MeV
8 standard 8 standard
@ improved @ improved
ar 6 ak 6
< £
Qo 4 _a 4
= =< 8
2 L } l I 2 l § ?
e o o
OF--®&--2__ S.-_I ________ f.-.L_-. OfF=--===========- {_..} ___________
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
ur/mag Jor /M

= reduced uncertainties for x5 (T, sur) in the BEC phase!
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Results for Taylor coefficients @ N; = 8 CRC-TR2n

To extend the EoS: interpolate Taylor expansion coefficients
as for EoS: [ Brandt, Cuteri, Endrédi '22 ] [ Brandt, Endrddi '16 |

use spline interpolations with Monte-Carlo generated nodepoints

» constraint:  XZ(T, pr) & x3(T, jur) vanish at T =0

2
™
2
™

xi/m
2 /m

X

02 0 120 o2 0 120
My My
il T [MeV] puafm T [MeV]

Bastian Brandt QCD thermodynamics at non-zero uy & pupg



Results for Taylor coefficients © cRc’-rm

To extend the EoS: interpolate Taylor expansion coefficients

as for EoS: [ Brandt, Cuteri, Endrédi '22 ] [ Brandt, Endrddi '16 |

use spline interpolations with Monte-Carlo generated nodepoints

» constraint:  XZ(T, pr) & x3(T, jur) vanish at T =0

7 . . . .
6 T =123 MeV i 1 T =123 MeV
@ T =147 MeV ® T =147 MeV
5 ® 7 =163 MeV 1 0.8 ® 7 =163 MeV
a4 ak #.:.:‘
g £ 0.6
5 3 =
[l ) S— S = 04
1 _'_.___.——o——o—-—‘——'
0.2
0 ..............................
—1 s s n ' 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
pr/mx wr /Mg
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11l An application: EoS at non-zero charge
chemical potential
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EoS for early Universe @ large cRc’-rm

early Universe:  sum of lepton flavour asymmetries is constrained
[l + Ly + -] <0.012 [ Oldengott, Schwarz '17 |

but:  for large individual [,
=P large ;1 and small up & pg along trajectories

160 / \‘:. ‘‘‘‘‘
140 / NN
120 i ~ =N
B00f e P
2 sl = R Pt
e N / -
P N4 pion-condensed phase
(%
20 05’:
0 (;l 160 ] 200 300 400
i, [MeV]
» model equation of state — matched to lattice at pure pu;
[ Vovchenko, et al '20 |
» Taylor expansion from i =0 — no pion condensation

[ Middeldorf-Wygas, et al '20 ]
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EoS for early Universe @ large [, CRC-TR2n

» can provide a full lattice EoS

non-zero g in the isospin basis:

I H I
NI:?Q MLZ—Q =-£9

T = 123 MeV
[T =145 MeV

1.2+ mmT =165 MeV j
T 09 1
&
=%
0.6 ]
0.3 ]
v, 00 0 0.5 1 15
T [MeV)] HQ/msx

assumption:  BEC phase boundary does not change drastically
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Conclusions

» Simulations at py # 0:

offer a novel expansion point to
explore (15, f1q, fts) space

P> )-extrapolations necessary:
—> large uncertainties for x4 (T, ju1)

in BEC phase

> alternative: computation via 4 (T, 1)

obtained from spline
interpolation of nj

=P improves uncertainties
some details still to be understod

» application and outlook:
compute EoS at non-

and in its vicinity

Bastian Brandt

zero i

QCD thermodynamics at non-zero 7 & g

T =123 MeV
® T =147 MeV
® T =163 MeV

0.2 0.4 0.6 0.8
ot/

CRc’-rm




