
Precision physics in the charm sector

Sara Collins

Universität Regensburg

QCD

This project has received funding from the European Union’s Horizon 2020 research and innovation programme under
grant agreement No 813942.

German Japanese Workshop 2024, 25th-27th Sept. 2024



Overview

⋆ D and Ds decay constants. [RQCD-ALPHA,2405.04506] Kuberski, Joswig, Collins, Heitger, Söldner

eventually also D∗ and D∗
s decay constants.

⋆ Lower lying charmonium spectrum and decay constants. Spiegel, Bali, Collins, Söldner.

Present results for the 1S hyperfine splitting.

⋆ Not presented: singly and doubly charmed baryon spectrum. Radhakrishnan, Bali, Collins,
Mathur, Söldner



D and Ds decay constants

ifDpµ =
〈
0
∣∣Adc

µ

∣∣D(p)
〉

ifDspµ =
〈
0
∣∣Asc

µ

∣∣Ds(p)
〉

[PDG,Phys. Rev. D 110 (2024)]
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S. L. Stone (Syracuse U.) and R. Van de Water (FNAL)

72.1 Introduction
This review updates one in Ref. [1]. Extensive use is made of results of the Flavor Lattice

Averaging group (FLAG 21 and the 2023 online update), Ref. [2, 3].
Charged mesons formed from a quark and antiquark can decay to a lepton-neutrino pair when

these objects annihilate via a virtual W boson. Figure 72.1 illustrates this process for the purely
leptonic decay of a D+ meson.

Figure 72.1: The annihilation process for pure D+ leptonic decays in the standard model.

Similar quark-antiquark annihilations via a virtual W+ to the `+ν final states occur for the π+,
K+, D+

s , and B+ mesons. (Whenever pseudoscalar-meson charges are specified in this article, use
of the charge-conjugate particles and corresponding decays are also implied.) Let P be any of these
pseudoscalar mesons. To lowest order, the decay width is

Γ (0)(P → `ν) = G2
F

8π f
2
P m2

`MP

(
1− m2

`

M2
P

)2

|Vq1q2 |
2 . (72.1)

Here MP is the P mass, m` is the ` mass, Vq1q2 is the Cabibbo-Kobayashi-Maskawa (CKM) matrix
element between the quarks q1q̄2 in P , and GF is the Fermi coupling constant. The decay constant
fP is proportional to the matrix element of the axial current between the one-P -meson state and
the vacuum:

〈0|q̄1γµγ5q2|P (p)〉 = ipµfP , (72.2)

and can be thought of as proportional to the “wave function overlap” of the quark and antiquark.
In this article, we use the convention in which fπ ≈ 130 MeV. For brevity, we will often denote the
purely leptonic decay width in Eq. (72.1) by Γ (0).

The decay of P± starts with a spin-0 meson, and ends up with a left-handed neutrino or right-
handed antineutrino. By angular momentum conservation, the `± must then also be left-handed
or right-handed, respectively. In the m` = 0 limit, the decay is forbidden, and can only occur as
a result of the finite ` mass. This helicity suppression is the origin of the m2

` factor in the decay
width.

R.L. Workman et al. (Particle Data Group), Prog. Theor. Exp. Phys. 2022, 083C01 (2022) and 2023 update
1st December, 2023 11:03am

Leptonic decay width: tree-level

Γ(D+ → ℓ+ν) = G2
F

8π f 2
Dm2

ℓMD

(
1− m2

ℓ

M2
D

)2

|Vcd |2

Similarly, Γ(D−
s → ℓ−ν) and fDs → |Vcs |.

[Christ et al.,2304.08026]
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FIG. 1: Diagram D0 contributes to the amplitude for the decay π+ → ℓ+νℓ in the absence of electromagnetism. The
remaining 5 connected diagrams contribute to the O(αem) electromagnetic corrections to the width of the leptonic
decay of a pion. Diagrams A-C correspond to the decay π+ → ℓ+νℓ and diagrams D and E to the decay
π+ → ℓ+νℓγ. As explained in Sec. II, each of the five diagrams should be viewed as representing a class of diagrams
at the quark and lepton level, without regard for the time ordering suggested by the representatives shown.

proportional to log(mπ/mγ), will be handled analytically and IVR will be applied to the finite terms to ensure that
the finite-volume corrections are exponentially small. Whilst the logic of the discussion requires us to take the limits
in the order limmγ→0 limtπ → ∞, this limit is taken before the lattice calculations, which are therefore independent
of mγ and free of infrared divergences.

We stress that the cancellation of infrared divergences is performed fully analytically, with no lattice uncertainties.
This is different for example, from the computations in QEDL in which an analytic expression containing the infrared
divergence, which is of the form log[mπL], is subtracted from the amplitude computed numerically.

In the following sections we present the implementation of the IVR method in leptonic decays in detail, but we now
introduce the main ideas. The introduction of radiative corrections, with a photon which can propagate over large
distances, results in the presence of both infrared divergences and finite-volume corrections which potentially only
decrease slowly with the volume (as inverse powers of L, the spacial extent of the volume). The fundamental idea of
the IVR method is that there is a time interval ts . L such that the only hadronic state which contributes significantly
to correlation functions when propagating over times greater than ts is the pion; contributions from states with larger
masses are exponentially suppressed. To illustrate the method, consider the hadronic matrix element

H(~x,−t) ≡ 〈f |T [O2(0)O1(~x,−t)] |π(~0)〉 , (6)

where O1,2 are local operators, T represents time-ordering and the initial state |π(~0)〉 is a pion at rest, (i.e. with three-

momentum ~0). For our specific study of leptonic decays we show in Fig. 1 the diagram without electromagnetism and
the five diagrams which include electromagnetism and contribute to the π+ → ℓ+νℓ(γ) decay amplitude (we include
electromagnetic corrections up to O(αem) in the decay width). For diagrams B and D, the final state |f〉 = |0〉 and
O1 and O2 are electromagnetic and weak currents respectively. For diagram A, both O1 and O2 are electromagnetic
currents and if −t < 0 and the time at which the weak current is inserted, tW , is sufficiently large and positive so the
propagation of states other than the pion between O2(0) and the weak current at tW is suppressed, then |f〉 = |π(~0 )〉.
In the evaluation of the diagrams, H(~x,−t) is a factor in the integrand of integrals of the genetic form

∫

d 4x H(x) f(x) , (7)

Radiative corrections involving virtual and real photons.

Nonperturbative treatment QCD+QED, see, e.g., [Giusti et

al.,2302.01298], [Christ et al.,2304.08026], [Desiderio et al.,2006.05358], . . . .



D and Ds decay constants: current status [FLAG 21,2111.09849]
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Nf = 2 + 1 + 1 [FNAL-MILC,1712.09262]: fDs ∼ 0.2%, fD ∼ 0.3%, and fDs/fD ∼ 0.1%.



CKM matrix elements

PDG: |Vcd | = 0.221(4), dominated by D → ℓν

|Vcs | = 0.975(6), dominated by D → Kℓν (expt. more precise than Ds → ℓν).

Unitarity of CKM matrix using individual determinations: rows, columns

|Vcd |2 + |Vcs |2 + |Vcb|2 = 1.0010± 0.0120,

|Vud |2 + |Vcd |2 + |Vtd |2 = 0.9971± 0.0020,

|Vus |2 + |Vcs |2 + |Vts |2 = 1.0030± 0.0120.

Most precise constraints from global fits, see, e.g., PDG, [CKMfitter,hep-ph/0104062],
[UTfit,hep-ph/0501199] and updates, . . .

Hadronic inputs from the lattice including fD(s) . |Vcd | = 0.22487(68) and |Vcs | = 0.97349(16).



Vector and tensor decay constants of D∗(s)

mD∗
(q)

fD∗
(q)
ϵλµ =

〈
0
∣∣V qc

µ

∣∣D∗
(q)(p, λ)

〉
if T

D∗
(q)

(ϵλµpν − ϵλνpµ) =
〈
0
∣∣T qc

µν

∣∣D∗
(q)(p, λ)

〉
Interest:

⋆ Heavy quark symmetry.

⋆ QCD factorization studies of charmed nonleptonic B meson decays (e.g. B → D(∗)
(s) π, B → D(∗)

(s) D).

⋆ Compare with model calculations.

⋆ . . .

First experimental measurement of D∗+
s → eνe [BES III,2304.12159], fD∗+

s
= 213.6+61.0

−45.8 ± 43.9 MeV.



CLS ensembles: quark mass plane
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CLS Ensembles used in the analysis
Around 50 ensembles, 2 mphys

π ensembles, 6 lattice spacings, a2 varies by more than a factor of 6.
a ≤ 0.05 fm open boundary conditions, a > 0.05 fm open and periodic b.c.s.
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Charm quark (quenched flavour): two charm quark masses per ensemble bracketing the physical value.

O(a2m2
c) discretisation errors, amc ∼ 0.1− 0.5.



Extraction of the decay constant
Bare decay constants obtained from fitting to A0P̃ and P̃P̃ two-point functions.

Cqc
A0P̃(t) = Aqc

A0P̃ e−mD(q) t + . . . ,Cqc
P̃P̃(t) = Aqc

P̃P̃ e−mD(q) t + . . .

where Aqc
A0P̃ =

〈
0
∣∣Aqc,I
µ

∣∣D(q)(p)
〉
ZP̃/2mD(q) and Aqc

P̃P̃ = Z 2
P̃/2mD(q) . Aqc,I

µ = Aqc
µ + acA

1
2 (∂µ + ∂∗

µ)Pqc

In the large t limit: fD(q) =
√

2Aqc
A0P̃/

√
Aqc

P̃P̃mD(q)

Cqc
A0P̃(t) and Cqc

P̃P̃(t) constructed from point-to-all propagators. Wuppertal (Gaussian) smearing with
APE-smoothed links applied to the pseudoscalar operators (P̃).

Matching and mass dependent O(a) Symanzik improvement:

fR
D(q)

= ZA
[
1 + a

(
bAmqc + b̄A Tr M

)]
fD(q) + O(a2)

Non-perturbative ZA,bA, cA: [ALPHA,1502.04999,1604.05827], [Korcyl and Bali,1607.07090], [Dalla Brida et
al.,1808.09236], κcrit: [RQCD,2211.03744].



Fitting analysis
E250: a ≈ 0.064 fm, mπ ≈ 130 MeV, Lmπ = 4.05, periodic b.c.s (average over all sources).
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Right: effective decay constant, f eff
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Ensembles with open b.c.: determine where boundary effects are significant → only use data in bulk region.



Quark mass interpolation and continuum extrapolation
All quantities rescaled by t0 to form dimensionless combinations. Use the basis:

M̄2 =
√

8t0((2m2
K + m2

π) ∝ 2ml + ms , δM2 =
√

8t0(m2
K −m2

π) ∝ ms −ml , MD̄ =
√

8t0MD̄ ∝ mc

where MD̄ = (2mD + mDs)/3.

Leadings terms: inspired by NLO SU(3) heavy-meson ChPT [Goity,hep-ph/9206230] + O(a2) terms.

√
8t0fDs = f0 + c1 M̄2 + 2

3c2 δM2 + c3 (4µK + 4
3µη) + c4 MD̄ + c5a2 + c6a2MD̄ + . . .√

8t0fD = f0 + c1 M̄2 − 1
3c2 δM2 + c3 (3µπ + 2µK + 1

3µη) + c4 MD̄ + c5a2 + c6a2MD̄ + . . .

where µX = 8t0m2
X log(8t0m2

X ), X ∈ {π,K , η} and a2 = a2/8t0.

482 models considered, including (M̄2)2, (δM2)2, M2
D̄, M̄2δM2, M̄2MD̄, δM2M2

D̄, . . . terms,
and M-dependent and M-independent a2, a3, a4 terms.



Light and strange quark mass interpolation and continuum extrapolation
Simultaneous fit of fD and fDs with all correlations taken into account.

Example of best fit with χ2/d .o.f . = 0.92 with ∼ 160 d.o.f..
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π,K .

Fit includes a3 terms. Cut-off effects of 5% from a = 0.1 fm to a = 0.



Charm quark mass dependence
Simultaneous fit of fD and fDs with all correlations taken into account.

Example of best fit with χ2/d .o.f . = 0.92 with ∼ 160 d.o.f..

Data points shifted using

the fit to mphys
π,K and

the continuum limit.
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Global fit to two charm quark masses per ensemble → go beyond a linear interpolation.
Mild m2

D̄ dependence is resolved.



Model average
Physical point for isoQCD: √t0,phys from [RQCD,2211.03744]

mπ = 134.8(3) MeV and mK = 494.2(3) MeV from [FLAG 16,1607.00299],
mD̄ = 1899.4(3) MeV estimated in [RQCD,1706.01247] using

[Goity and Jayalath,hep-ph/0701245].

Data set fixed: O =
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Final results and error budget

Scale setting

Statistics

Systematics

Contributions to (∆fDs
)2 Contributions to (∆fD)2 Contributions to (∆fDs

/fD)2

fDs = 246.8(1.3) MeV fD = 208.4(1.5) MeV fDs/fD = 1.1842(36)

⋆ Overall error of 0.5%, 0.7% and 0.3% in fDs , fD and fDs/fD .

⋆ Ratio computed from extrapolated fD and fDs .

⋆ Uncertainty of fD and fDs limited by the scale setting. Statistical error ≈ systematic error.

⋆ Systematic error dominated by the uncertainty due to the continuum limit extrapolation.



Comparison with other works

210 220 230 240 250 260 270

MeV

FNAL/MILC 11

HPQCD 12A

χQCD 14

RBC/UKQCD 17

ALPHA 23

this work

ETMC 14E

FNAL/MILC 17

N
f

=
2

+
1

N
f

=
2

+
1

+
1

fD fDs

1.16 1.17 1.18 1.19 1.20 1.21

FNAL/MILC 11

HPQCD 12A

RBC/UKQCD 17

RBC/UKQCD 18A

ALPHA 23

this work

ETMC 14E

FNAL/MILC 17

N
f

=
2

+
1

N
f

=
2

+
1

+
1

fDs
/fD

Grey bands: [FLAG 21,2111.09849] averages.

CLS ensembles: [ALPHA,2309.14154] 10 ensembles on Tr M = const trajectory, mπ ≥ 200 MeV with twisted
mass valence quarks.

Nf = 2 + 1 + 1 [FNAL-MILC,1712.09262]: fDs ∼ 0.2%, fD ∼ 0.3%, and fDs/fD ∼ 0.1%.

RQCD-ALPHA fD(s) results roughly 2σ below FNAL-MILC.

Charm sea effects on decay constants only studied in cc̄ [ALPHA,2105.12278], cf. Nf = 0, 2, 0.5% effect.



Vector and tensor decay constants of D∗(s): work in progress
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Lower lying charmonium spectrum and decay constants
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Spectrum: test control of systematics

[ETMC,1603.06467] Nf = 2 + 1 + 1,
a = 0.09, 0.08, 0.06 fm,
mπ = 224 − 468 MeV.

[Fermilab-MILC,1810.09983] Nf = 2 + 1,
a = 0.14, 0.11, 0.08, 0.06, 0.04 fm,
mℓ/ms = 0.1, 0.2.

Decay constants, ⟨0|c̄Γc|Xc̄c⟩: Γ = γµγ5, Xc̄c = ηc (with assumptions) → Γ(ηc → γγ), Γ(B → ηcK )
Γ = γµ, Xc̄c = J/ψ → Γ(J/ψ → e+e−).

Also Γ = σµν , Xc̄c = J/ψ, hc , . . .

Test of systematics and models. Compare to decay constants of (possible) non-quark model closed
charm states.



Charmonium 1S hyperfine splitting
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High precision possible.

Discrepancy possibly due to omission of
c̄c annihilation effects.

cc̄ annihilation suppressed (OZI rule), ΓJ/ψ ∼ 93 keV, Γηc = 32 MeV.

Including cc̄ annihilation effects: cc̄ disconnected diagrams + mixing with light flavour singlet states
and glueballs, see, e.g., [Urrea-Niño et al.,2312.16740], [Bali et al.,1110.2381], and also decays must also be
taken into account.



Charmonium: ensembles analysed so far
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Omit cc̄ disconnected diagrams.

Preliminary results on 14 ensembles pre-
sented for MJ/ψ −Mηc only.

Data available for extracting the ground
state J = 0 and J = 1 states.



Fitting analysis
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a ≈ 0.064 fm, Mπ ≈ 131 MeV, V = 192 · 963a4, aM(t) = arccosh
[

C(t+a)+C(t−a)
2C(t)

]



Quark mass interpolation and continuum extrapolation

M̄2 =
√

8t0((2m2
K + m2

π) ∝ 2ml + ms , δM2 =
√

8t0(m2
K −m2

π) ∝ ms −ml , MD̄ =
√

8t0MD̄ → mc

To leading non-trivial order in ChPT neither charmonium masses nor MD̄ depend on δM2.

Fit form equivalent to:
√

t0M = M0 + c̄M̄2 + ccMD̄ + caa2 + caca2MD̄ + . . .

where a2 = a2/8t∗
0 and 12t∗

0 M2
π = 1.11 (MK = Mπ).

Actual fit carried out differently.

Additional terms will be considered in the future: a3, M2
D̄ , M̄2δM2, δM4 and other corrections.



1S fine structure splitting versus the pion mass (preliminary)
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Uncertainty of t0,ph was removed from the fit band and added to the experimental value.
Correlated χ2/dof = 64.1/25. Error inflated by

√
χ2/dof. Extra fit parameters in the future.



1S fine structure splitting versus the D meson mass (preliminary)
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Uncertainty of t0,ph was removed from the fit band and added to the experimental value.



The 1S fine structure splitting: continuum limit (preliminary)
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Uncertainty of t0,ph only included in the “PDG” value. Cut-off effects of ∼ 15% from a = 0.1 fm to a = 0.



Fine structure splitting in isoQCD (preliminary)
Light and strange sea quark effects are sig-
nificant: cf. Nf = 0,
e.g. ∆M = 77(2)(6) MeV
[QCD-TARO,hep-lat/0307004].

Charm sea effects: [ALPHA,1905.12971]
cf. Nf = 0 and Nf = 2, 2% effect in
(MV − MP)/MP or 2 MeV.

From potential models and
[HPQCD,2005.01845]: QED leads to an
increase of up to 2 MeV.

[HPQCD,2005.01845]:
∆Mannihil. = +7.3(1.2) MeV.

Mηc most affected by cc̄
annihilation diagrams.
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RQCD 24 (preliminary): Mηc = 2977(4) MeV cf. 2984 MeV (PDG).



Summary and outlook
⋆ Large set of high-statistics CLS ensembles enable tight control of quark mass and lattice spacing

dependence (also of finite volume effects).
→ precision calculation of open and closed charm observables.

⋆ Determination of fD and fDs to sub-percent precision.
Discretisation effects are significant but moderate in magnitude, a3 effects resolved.

Large number of models considered with high number of d.o.f. in the fit.

Further reduction in the error requires higher precision for √t0,phys .

⋆ Charmonia below DD̄ threshold: precision such that one can possibly resolve annihilation effects in
1S hyperfine splitting.

Future:

⋆ Vector and tensor D∗ and D∗
s decay constants.

⋆ Charmonium: compute masses and decay constants of J = 0 and J = 1 states. Include more
ensembles and carry out more sophisticated fits and analyses of systematics.


