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Motivation
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Lattice QCD calculations of precision observables involve high numerical cost:
• Exponential rise of statistical noise at large distances	

• Isospin-breaking corrections numerically small but expensive to compute

Idea: use trained neural net to
• Produce approximate estimates for correlation functions at low numerical cost	

• Predict “expensive” contribution using a “cheap” observable 
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Low-mode averaging
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Split quark propagator into low-mode contribution and that from orthogonal complement

<latexit sha1_base64="eo4Upv1nrZ8IWSzMF8aFFDVE7YE="></latexit>

S (y, x) = S eigen(y, x) + S rest(y, x)

<latexit sha1_base64="3StGTvPa4KimLnhZE4UWLVgaD7g="></latexit>

S eigen(y, x) =
NlowX

i=1

��1
i vi(x) ⌦ ��5vi(y)

�† ,
<latexit sha1_base64="pY/zvnGOidnf1g9Rpxr0u/ZwC1Q="></latexit>

(�5Dw) vi(x) = �i vi(x) ,

Two-point correlation function:
xy
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• “eigen-eigen” part dominates long-distance regime	

• “rest-eigen” part always sub-dominant, but numerical	
  effort scales ∼ Nlow = O(1000)

[Giusti, Hernández, Weisz, H.W. 2004; DeGrand and Schaefer 2004]
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Machine-learning strategy
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All-Mode Averaging / Truncated Solver Method:	

Compute many approximate solutions — obtain exact result after applying bias correction

[Blum, Izubuchi, Shintani 2012]

Idea:   Role of “sloppy solves” taken over by a machine-learning algorithm

exact “cheap” correction

<latexit sha1_base64="Ku/W+OHjzWr42x22xyYpupmfSNY="></latexit>

hOi =
D
Oappx

E
+
D
(O � Oappx)

E

Train model or network on the correlation between input and predicted quantities	

Ideally  should fluctuate closely with  Oappx O

[Yoon, Bhattacharya, Gupta 2018]
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Train model or network on the correlation between input and predicted quantities	

Ideally  should fluctuate closely with  Oappx O

Here: predict “rest-eigen” contribution given the “eigen-eigen” and “rest-rest” as input

xy

“eigen-eigen” “rest-eigen” “rest-rest”

[Yoon, Bhattacharya, Gupta 2018]
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Setup
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Divide configurations within one ensemble into subsets for training, prediction and bias correction 

Fully connected neural network with one hidden layer to predict all timeslices simultaneously:	
• ReLU activation functions on hidden layer, linear activation function on output layers	
• Dropout layers to help with overfitting

“rest-rest” and “eigen-eigen” contributions as input   Input layers of size → 2 ⋅ (T/a)

“rest-eigen” contribution entering the loss function   Output layer of size → (T/a)

Ensembles:
A654:  L/a = 24, T/a = 48, mπ ≃ 420 MeV, Ncfg = 2500

D450:  L/a = 64, T/a = 128, mπ ≃ 280 MeV, Ncfg = 500
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Pseudoscalar correlator: rest-eigen contribution
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Test quality of prediction for “rest-eigen” contribution —  no bias correction (A654 ensemble)
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Test quality of prediction for “rest-eigen” contribution —  bias-corrected (A654 ensemble)

Pseudoscalar correlator: rest-eigen contribution
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Pseudoscalar correlator: total contribution
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Total contribution (A654 ensemble)
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Bias-corrected “re”-correlator consistent with exact calculation, but errors increase at large t

Vector correlator
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Test quality of prediction of rest-eigen part — with and without bias correction (A654 ensemble)
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Bias-corrected “re”-correlator consistent with exact calculation, but errors increase at large t

Vector correlator
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Absolute error of rest-eigen part and total contribution (A654 ensemble)
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Vector correlator

Vector vs. pseudoscalar correlator
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Fraction of the total variance of “ee”, “re” and “rr” contributions to (D450 ensemble)
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“Eigen-eigen” contribution dominates error in long-distance regime of the pseudoscalar correlator
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Isospin-breaking corrections in baryon masses
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Precision scale setting for  HVP calculations	

RM123 approach: expansion about iso-symmetric QCD

(g − 2)μ

Perturbative Expansion - Expectation Values
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Isospin-breaking corrections in baryon masses
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RM123 approach: expansion about iso-symmetric QCD
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QED

Computational Cost of IB Calculations

Proportion of computing time spent on each contribution:

QED by far most expensive
part of the computation

As many inversions for
QED as for the rest of the
computation

More complex contractions
and operator insertions

Symmetric

�mq

QED

setup

E300
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• QED contribution by far the most expensive part

• Observe strong correlation between the correlators 
describing QED and strong isospin-breaking contributions
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Machine-learning model
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• Train model    to predict the QED contribution M(C(0), C(1)
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• Correct for bias by using a small number of sources on each configuration:  Nsrc, bias ≪ Nsrc

• Ensemble N451:  ,   ,    483 ⋅ 96, mπ ≃ 280 MeV, Ncfg = 1011 Ntrain = 20 Nsrc = 32, Nsrc, bias = 1
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Results
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• Increasing  has no effect on the uncertainty in the bias-corrected result	

• Training time negligible; reduction of numerical cost by 50%
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Slide by Simon Kuberski, 7th Plenary Workshop on    KEK Sep 2024(g − 2)μ

N���� ���������: �������� ��������������

0 1 2 3 4
t [fm]

0.000

0.005

0.010

0.015
5 9
G

(t
)K̃

(t
)/

m
µ

LMA

N�� = 1

N�� = 2

N�� = 3

N�� = 4

[Nolan Miller @ Lattice��]:

Careful extraction of
energies and overlaps.

Work towards
computing the
timelike pion form
factor.

Spectral reconstruction of the isovector correlation function on E��� at m
phys
⇡ .

Solves the signal-to-noise problem, but LMA is more precise for t < 2.5 fm.

Reduces the uncertainty on this ensemble by another factor of �: 0.4% for a
hvp
µ .
�� / ��
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C������������ �� ahvp
µ

�� ���QCD

620 640 660 680
ahvp,l

µ · 1010

Mainz/CLS 24

RBC/UKQCD 24

Aubin et al. 22

Lehner, Meyer 20

BMW 20

Mainz/CLS 19

FHM 19

PACS 19

ETMC 19

RBC/UKQCD 18

Boito et al. 22/KNT

Boito et al. 22/DHMZ

staggered

Wilson

twisted mass

domain wall Compute contributions to a
hvp
µ in

isoQCD (Mainz world) by combinations
with (a

hvp
µ )

SD and (a
hvp
µ )

ID.

We (will) publish the derivatives w.r.t.
the input that defines our scheme. See
[Portelli] for a comparison of schemes.

a
hvp,l
µ determined to 0.8% precision

Excellent compatibility of Mainz/CLS ��
with Mainz/CLS ��.

Shift in disconnected is understood:
leads to the dominant shift in a

hvp
µ .

�� / ��

Slide by Simon Kuberski, 7th Plenary Workshop on    KEK Sep 2024(g − 2)μ
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T�� �������-����� �������� ������ ������������ ������������

�40 �20 0 20
(aSM

µ � aexp
µ ) · 1010

Mainz/CLS 24

BMW+R-ratio 24

Aubin et al. 22

Lehner, Meyer 20

BMW 20

Mainz/CLS 19

FHM 19

PACS 19

ETMC 19

RBC/UKQCD 18

R-ratio (pre CMD3)

Experiment

ahvp,LO
µ from:

staggered

Wilson

twisted mass

domain wall

[BNL g�2, hep-ex/�������]
[FNAL g�2, ����.�����, ����.�����]

The estimate of IB corrections allows
to compute a preliminary a

hvp
µ .

Our result supports the
no new physics scenario.

Ongoing work to compute IB
corrections. So far
I no IB in scale setting
I electroquenched approximation
I preliminary estimate

�� / ��

New Mainz/CLS result
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Summary and conclusions

18

• Machine-learning models with bias correction are able to reproduce exact calculations 
with comparable statistical precision	

• No “noise reduction” observed in all models studied so far	

• Saving in computer time can be substantial, but depends strongly on the observable	

• Using ML for QED part leads to 50% reduction in numerical effort for computing baryon 
masses including isospin-breaking corrections	

• Rest-eigen part of vector correlator: 	
bias correction dominates the total uncertainty; less CPU time produces a larger error	

• Outlook: optimise setup to increase correlations between   and Oappx O
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Backup

19



Hartmut Wittig

Grid search and -scoreR
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5. Predicting the Pseudo-Scalar Correlator

Again, this does not necessarily mean that including the eigenmodes is worsening the
performance no matter how one sets up the machine learning model.
One approach was also tested briefly was inverting the eigenmodes before including
them in vin because they enter the calculation of the eigen-eigen/eigen-rest contribu-
tion inverted. This did not appear to have a significant e↵ect.
We also tested di↵erent network sizes, cost functions, optimizers and batch sizes, but
the statement stayed the same: the best performance seems to be achieved by using
the data coming from the LMA calculations that used the lowest 64 eigenmodes and
not including the eigenmodes in vin.
Thus, while this setup does not rigorously guarantee the best results, it remained our
preferred approach for conducting the grid-searches.
From here on we therefore defined

vin =
⇣
vEE

,vRR
⌘

2 R94
, (5.3)

vout = vER
2 R47

. (5.4)

5.1.2. Influence of Network Size

The next question we’ve asked ourselves was which network sizes are promising. To
answer this, we experimented with various sizes of (deep) neural networks and eval-
uated their R-score during the training phase. An illustration of the performance of
four di↵erent network sizes can be observed in Figure 5.2.
The neural network containing of 4465 parameters corresponds to a linear model

Figure 5.2.: Comparison of R-score over training phase for di↵erent neural networks
depending on their size. The plot on the right is a zoomed-in version of
the plot on the left, with the smallest network excluded.

while the remaining three neural networks were networks with one, two and three
hidden layers. The hidden layers of those networks also included a so-called dropout
probability of 0.8. Dropout layers work against overfitting by setting the input of a
neuron of the hidden layer to 0 with the probability p. [39]
All networks were trained using the Adam optimizer, the SE as a cost function, batch
sizes of 64 and were trained over 2500 epochs.

33

4. Machine Learning

input vectors vin
k =

⇣
vEE
k ,vRR

k ,vEV
k

⌘
to feed into the model, let it predict vout

k = vER
k

and measure the accuracy.
The conventional approach to assess predictive performance would involve using the
cost function again. However, there are more e↵ective methods to determine whether
the model has captured the underlying correlations between vin

k and vout
k .

One phenomenon that can happen during training is that the model learns to only
predict the mean of the training data. This usually happens if the model’s size is not
big enough to learn the correlation and embed it into its weights and biases. Having
very noisy data, this is something that could actually be beneficial, but here we started
with the pseudo-scalar channel which has a good signal-to-noise ratio, so predicting
the mean of the training data is not desired.
In order to measure the model’s accuracy w.r.t. a reference model which would only
predict the mean of the training data, we define the R-score

Rk = 1�

P47
i=1(v

ER
t,k,i � v

ER
p,k,i)

2

P47
i=1(v

ER
t,k,i � v̂

ER,tr
t,i )2

, Rk 2 (�1, 1]. (4.25)

v̂
ER,tr
t,i = E1k500(vERt,k,i) corresponds to the mean of the i-th component of the eigen-
rest contribution over the 500 training samples. An R-score of 0 would therefore
mean that the trained model predicts unseen data as good as a model which would
just predict the mean of the training data. Ideally, the R-score of the trained model
would be as close as possible to 1.
In addition to measuring the accuracy of the model’s prediction we are especially
interested in the distribution of the time slices over all 4500 test samples. Again, we
want to predict the expectation value of a correlation function, which is composed
of the eigen-eigen, eigen-rest and rest-rest component. We should therefore calculate
the distribution of the 47 time slices over the predicted samples from the model and
compare them to the distribution coming from the test samples calculated via LMA.
First, we will define the expectation value of the model’s predictions on the test
samples v̂ER,te

p,i , the expectation value of the test samples v̂ER,te
t,i and their corresponding

errors like

v̂
ER,te
p,i = E501k5000(v

ER
p,k,i), i = 1, 2, . . . , 47, (4.26)

v̂
ER,te
t,i = E501k5000(v

ER
t,k,i), i = 1, 2, . . . , 47, (4.27)

�v̂
ER,te
p,i =

1

4499

vuut
5000X

k=501

⇣
v
ER,te
p,k,i � v̂

ER,te
p,i

⌘2
, i = 1, 2, . . . , 47, (4.28)

�v̂
ER,te
t,i =

1

4499

vuut
5000X

k=501

⇣
v
ER,te
t,k,i � v̂

ER,te
t,i

⌘2
, i = 1, 2, . . . , 47. (4.29)
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[L. Geyer, M.Sc. Thesis 2024]

Models with increasing complexity	
lead to overfitting


