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Introduction and motivation



Introduction and motivation

Neutrino-nucleon low-energy scattering dominated by (quasi-)elastic scattering off single
nucleon
⇒ need to determine nucleon matrix elements from theory to provide input for experiments

⟨N(p′, s′)|Aa
µ(0) |N(p, s)⟩ = ŪN (p′, s′)

[
γµγ5 GA(Q2) − Qµ

2MN
γ5 GP (Q2)

]
λa

2 UN (p, s)

axial form factor pseudoscalar form factor

SU(3)f spinor
λa = Gell-Mann matrices

▶ GA(Q2): relevant for neutrino scattering experiments - main source of errors in
neutrino-nucleon interactions

▶ GP (Q2): smaller impact on the cross-section, mainly relevant at small Q2

,
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Nucleon interactions
Different SU(3) flavour combinations play different roles in neutrino-nucleon scattering:
▶ A3

µ → Gu−d
A (Q2) :isovector → sensitive to W± (β decays)

▶

{
A8

µ → Gu+d−2s
A (Q2) :isoscalar octet

A0
µ → Gu+d+s

A (Q2) :isoscalar singlet
→ sensitive to Z0(elastic scattering)

W

p, n

ν̄ℓ, νℓ

n, p

ℓ+, ℓ−

Z0

p, n

ν̄ℓ(νℓ)

p, n

ν̄ℓ(νℓ)

Theoretical input from LQCD
1. isovector well studied and in agreement between collaborations (see a review here [Meyer

et al. (2022)1]), in slight tension with experiments [Meyer et al. (2016)2]

2. isoscalar [Barone et al. (2025)3, Barone et al. (2026)4] and flavour decomposition [Alexandrou et al.
(2021)5] still need more work

,
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Nucleon structure

All these form factors provide information on the nucleon structure through various quantities

GA(Q2) = gA

(
1 − 1

6 r2
A Q2 + O(Q4)

)
,

In particular, the spin SN can be decomposed [Ji (1997)6] as

SN = 1
2

∑
q

∆Σq +
∑
qval

Lqval + Jg

axial charge axial radius

̸=
∑

qval
Sqval

[Alexakhin et al. (2007)7]
gluon angular momentum

valence quark angular momentum

intrinsic quark spin ≡ gq
A → include contribution from the sea

All Gf
A are relevant for nucleon structure! MicroBooNE

aims to extract [Miceli et al. (2015)8, Kim et al. (2019)9]

Gs
A(Q2) , Q2[GeV2] ∈ [0.08, 1]

,
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Axial form factor from LQCD: status from the Mainz group
Lot of efforts in the LQCD Mainz group devoted to and axial nucleon form factor

[Djukanovic et al. (2022)10]
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This work

z-expansion νD data

pion electroproduction expts

[Barone et al. (2025)3]

Also efforts in the vector channel, with recent results [Djukanovic et al. (2024)11, Djukanovic et al.
(2024)12, Djukanovic et al. (2024)13]

,
Calculations of the axial form factor of the nucleon Alessandro Barone 5/24



Axial form factor from LQCD: status from the Mainz group
Lot of efforts in the LQCD Mainz group devoted to and axial nucleon form factor

[Djukanovic et al. (2022)10]

0.0 0.2 0.4 0.6 0.8 1.0
Q2 [GeV2]

0.4

0.6

0.8

1.0

1.2

G
A

(Q
2
)

This work

z-expansion νD data

pion electroproduction expts

[Barone et al. (2025)3]

Also efforts in the vector channel, with recent results [Djukanovic et al. (2024)11, Djukanovic et al.
(2024)12, Djukanovic et al. (2024)13]

0.0 0.2 0.4 0.6 0.8 1.0
Q2[GeV2]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

G
A

(Q
2 )

Gu+d+s
A

Gu+d−2s
A /2

Gu−d
A /2

[Barone et al. (2026)4]

This talk: summarise strategies and results for all channels based on
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Lattice QCD and setup



Lattice QCD in 2 slides (1)

We move to Euclidean space through Wick rotation t → −iτ . The path integral becomes

⟨O⟩ = 1
Z

∫
D[Φ]O[Φ] eiSM [Φ] ⇒ ⟨O⟩ = 1

Z

∫
D[Φ]O[Φ] e−SE [Φ] , Φ = (ψ̄, ψ, U)

▶ Replace continuous Euclidean spacetime by a
hypercubic lattice with volume V = L3 × T
xµ = anµ (nµ ∈ Z)
a is the lattice spacing and act as UV cutoff

ΛUV ∼ 1
a

▶ Quark fields ψ(x) live on lattice sites
▶ Gluon fields Uµ(x) are represented by link variables

connecting neighbouring sites.

ψ(x)

Uµ(x)

lattice spacing

a

x

t

2D sketch of a 4D Euclidean lattice
,
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Lattice QCD in 2 slides (2)
We can then use Monte Carlo to evaluate multidimensional integrals by generating a large
number of gauge configurations Uα with probability

P [Uα] ∝ det[Uα]e−SE [Uα] ⇒ ⟨O⟩ ≃ 1
Nconfig

Nconfig∑
α=1

O[Uα]

Physical results are recovered by taking the limits (global fit)

a → 0, L → ∞, mq → mphys
q ⇒ O(a, L,mπ) −→ Ophys

,
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Lattice setup: CLS Nf = 2 + 1 ensembles
[Bruno et al. (2015)17]

▶ non-perturbatively O(a)-improved Wilson fermions [Sheikholeslami and Wohlert (1985)14, Bulava
and Schaefer (2013)15]

▶ tree-level improved Lüscher-Weisz gauge action [Luscher and Weisz (1985)16]

ID β T/a L/a Mπ [MeV] MπL MN [GeV] Nconf Nmeas ts [fm] Nts

H102 3.40 96 32 354 4.96 1.103 2005 32080 0.35..1.47 14
H105 3.40 96 32 280 3.93 1.045 1027 49296 0.35..1.47 14
C101 3.40 96 48 225 4.73 0.980 2000 64000 0.35..1.47 14
N101 3.40 128 48 281 5.91 1.030 1596 51072 0.35..1.47 14
S400 3.46 128 32 350 4.33 1.130 2873 45968 0.31..1.53 9
N451 3.46 128 48 286 5.31 1.045 1011 129408 0.31..1.53 9
D450 3.46 128 64 216 5.35 0.978 500 64000 0.31..1.53 17
N203 3.55 128 48 346 5.41 1.112 1543 24688 0.26..1.41 10
N200 3.55 128 48 281 4.39 1.063 1712 20544 0.26..1.41 10
D200 3.55 128 64 203 4.22 0.966 2000 64000 0.26..1.41 10
E250 3.55 192 96 129 4.04 0.928 400 102400 0.26..1.41 10
N302 3.70 128 48 348 4.22 1.146 2201 35216 0.20..1.40 13
J303 3.70 192 64 260 4.19 1.048 1073 17168 0.20..1.40 13
E300 3.70 192 96 174 4.21 0.962 570 18240 0.20..1.40 13

*We use E300 to demonstrate our approach
,
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Computation strategy on the lattice (1)

The basic quantities computed on the lattice are Euclidean correlation functions, e.g.

CΓ
2pt(t,p) = Γαβ

∑
x
e−ip·x⟨ON,β(x, t)ON,α(0)⟩ , ON,α(x) = εabc

(
ũT

a (x)Cγ5d̃b(x)
)
ũc,α(x)

The correlator has the spectral decomposition

C2pt(t,p) =
∑

n

|Zn|2e−Ent t≫0−−−→ |Z0|2e−E0t

,
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Computation strategy on the lattice (2)

Ca
3pt,i(q, t, ts) = −ia6

∑
x,y

eiq·yΓβα

〈
ON,α(x, ts)Aa

i (y, t)ON,β(0)
〉

= C
a conn
3pt,i (q, t, ts) + C

a disc
3pt,i (q, t, ts)

with

Cdisc
3pt,i(q, t, ts) =

〈
Li(q, t)C2(p′, ts)

〉
, Li(q, t) = −

∑
z

eiq·zTr
[
D−1

q (z, z)γiγ5
]

▶ p′ = 0 ⇒ q = −p, i.e. rest frame of the final state nucleon
▶ smeared u, d fields
▶ source-sink separation is ts = x0 − y0


u− d

u+ d

u+ d

u+ d− 2s
u+ d+ s

,
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Ratio

The axial form factor GA is addressed considering the transverse component (q × A)

CT
3pt,i(q, t, ts) = ϵijkqj C3pt,k(q, t, ts) ∝ (q × γ)iγ5GA(Q2) +(((((((((

(q × q)iγ5GP (Q2)

and then projecting into

C3pt(q, t, ts) =
∑

i

(q × s)i

|q × s|2
CT

3pt,i(q, t, ts) , s = e3 , Γ = 1
2(1 + γ0)(1 + iγ5γ3)

The signal is improved considering only momenta |q3| ≤ min (|q1|, |q2|) and the ratio is

R(q, t, ts) = C3pt(q, t, ts)
C2pt(0, ts)

√
C2pt(q, ts − t)C2pt(0, t)C2pt(0, ts)
C2pt(0, ts − t)C2pt(q, t)C2pt(q, ts)

t−ts≫0
−−−−−→ (...)Geff

A (Q2)

,
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Channels and decomposition

We have three channels

(u− d) (u+ d− 2s) (u+ d+ s)

We focus on (u+ d+ s) addressing isoscalar octet and strangeness separately

(u+ d− 2s) + 3(s) ⇒ (u+ d+ s)

We can then obtain the flavour decomposition

Au
µ,R = 1

2A
u−d
µ,R + 1

6A
u+d−2s
µ,R + 1

3A
u+d+s
µ,R ,

Ad
µ,R = −1

2A
u−d
µ,R + 1

6A
u+d−2s
µ,R + 1

3A
u+d+s
µ,R ,

As
µ,R = 1

3

[
Au+d+s

µ,R −Au+d−2s
µ,R

]
,

NB: One option is also to perform the analysis on the flavour decomposed current
,

Calculations of the axial form factor of the nucleon Alessandro Barone 12/24



Channels and decomposition: signal
The signal is different for the 3 channels due to the different contributions
of the disconnected data, which are noisier than the connected components.

E300 (connected), Q2 = 0 GeV2

−13 −8 −3 2 7
(t− ts/2)/a

0.7

0.8

0.9

1.0

1.1

1.2

1.3

1.4

G
eff A

(t
,t
s,

0
)

(u− d)

−13 −8 −3 2 7
(t− ts/2)/a

0.4

0.5

0.6

0.7

0.8

(u + d− 2s) connected
ts/a =4

ts/a =6

ts/a =8

ts/a =10

ts/a =12

ts/a =14

ts/a =16

ts/a =18

ts/a =20

ts/a =22

ts/a =24

▶ small ts ⇒ small error, but high contamination from excited states
▶ large ts ⇒ large error, but small contamination from excited states
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Channels and decomposition: signal
The signal is different for the 3 channels due to the different contributions
of the disconnected data, which are noisier than the connected components.

E300 (disconnected), Q2 = 0 GeV2
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Channels and decomposition: signal
The signal is different for the 3 channels due to the different contributions
of the disconnected data, which are noisier than the connected components.
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−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

G
eff A

(t
,t
s,

0
)

(u + d− 2s) connected+disconnected

−15 −10 −5 0 5 10
(t− ts/2)/a

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

G
eff A

(t
,t
s,

0)

connected

disconnected 2(l − s)

connected VS disconnected

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

G
eff A

(t
,t
s,

0
)

(u + d + s) connected+disconnected

ts/a =4

ts/a =6

ts/a =8

ts/a =10

ts/a =12

ts/a =14

ts/a =16

ts/a =18

ts/a =20

ts/a =22

ts/a =24

ts/a =26

ts/a =28

−15 −10 −5 0 5 10
(t− ts/2)/a

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

G
eff A

(t
,t
s,

0)

connected

disconnected 2l + s

connected VS disconnected

,
Calculations of the axial form factor of the nucleon Alessandro Barone 13/24



Analysis strategy



Analysis strategy (0)
There are different approaches to address the extraction of the relevant form factor:

▶ plateau method (disconnected contributions)
▶ summation method ((u+ d− 2s) and connected contribution) [Maiani et al. (1987)18,

Capitani et al. (2012)19]

−10 −5 0 5 10
(t− ts/2)/a

−0.6
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G

eff A
(t
,t
s,

0
)

0.2 0.4 0.6 0.8 1.0 1.2 1.4
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G
eff A

(t
s,

0
)

(2l + s)

High level of statistical noise ⇒ no detectable excited-state contamination within errors
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Excited states are suppressed exponentially with ts instead of ts − t:

S(q, ts) = a

√
2Eq

MN + Eq

ts−a∑
t=a

R(q, t, ts) ts≫1= b0(q) + tsGA(Q2)+O(tse−∆ts)
,
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Analysis strategy (1): connected (direct fit with z-expansion)
[Djukanovic et al. (2022)10]

We use z-expansion to parametrize the form factor (n = 2)

GA(Q2) =
n∑

k=0
akz

k(Q2) , z(Q2) =
√
tcut +Q2 −

√
tcut√

tcut +Q2 +
√
tcut

Typical procedure (two-step fit) for every value of the ts,min:
1. for each Q2, linear fit to S(q, ts) for all point ts ∈ {ts,min, ...} to extract Geff

A (Q2, ts,min)
2. zfit in Q2 range to extract a0, a1, a2

HERE:

one-step direct z-fit on all data for all ts ∈ {ts,min, ...}, Q2 ∈ {0, ..., Q2
max}

tcut = (4Mπ)2 , Q2
max = 0.7 GeV2

,
Calculations of the axial form factor of the nucleon Alessandro Barone 15/24



Analysis strategy (1): connected (comparison of the approaches)

We compare three fit approaches
▶ two-step fit
▶ direct z-fit on GA

▶ direct z-fit on both GA and b0

S(Q2, ts) = b0(Q2) + ts GA(Q2)

⇒ all approaches are consistent!
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Analysis strategy (1): connected (window average)
We obtained in this way 3 coefficients of the z-expansion

a0, a1, a2

We average over all the possible source-sink separation
ts,min with a window function

1
N

[
tanh

(
tmin
s − tlow

w

∆tw

)
− tanh

(
tmin
s − tup

w

∆tw

)]


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Legend: regularization of the covariance matrix
⇒ all approaches are compatible

zoom on a1
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Analysis strategy (2): disconnected

We use the plateau method + window average with


tlow
s = 1.1 fm
tup
s = 1.3 fm

∆tw = 0.1 fm

▶ for every Q2, perform plateau fits, then window average
▶ perform a z-fit on the resulting points
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Analysis strategy (3): connected + disconnected
The final form factor is obtained combining the previous result

GA(Q2) = Gconn
A (Q2) +Gdisc

A (Q2)

i.e. combining the coefficient of the z-expansion
Comparison with other approaches
▶ (u+ d+ s) = (u+ d− 2s) + 3s
▶ (u+ d+ s) = (u+ d) (conn) + (2l + s) (disc)
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Q2 [GeV2]

0.0

0.2
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0.6
G
u

+
d

+
s

A
(Q

2 )
E300 (ts,min = 0.80 fm)

G2l+s,disc
A (plateau)

Gu+d,conn
A (zfit direct)

Gu+d,conn
A + G2l+s,disc

A

Gu+d−2s
A +3Gs

A
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Chiral continuum extrapolation
General approach:

1. extract the z-expansion coefficients a0, a1, a2 on all ensembles
2. extrapolate them to the chiral-continuum limit

Generally linear ansatz in M2
π , a

2 for ai, i > 0

ai = p0 + p1M
2
π + s0a

2

and different ansatz for a0 ≡ gA for depending on the channel, i.e.
▶ isovector: a0 = g

(0)
a + g

(1)
a M2

π + g
(3)
a M3

π − g
(2)
a M2

π ln Mπ

MN
, with g(k)

a related from χPT
▶ isoscalar: same as ai

We include FV term for the leading term a0 for all channels

a0 = (...)+v0

(
M2

π√
MπL

e−MπL

)
,
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Chiral continuum extrapolation: example
[Barone et al. (2026)4]

Example of the isoscalar singlet ((u+ d− 2s) + 3s) with FV term and cut in the coarsest
lattice spacing
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method=svd

p-value=0.094
χ2/Ndof[20]=1.434
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π , L =∞)

original data
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L [fm]

fit (a = 0, Mπ = Mphys
π )

original data

excluded data

corrected data
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Model average: Akaike Information Criterion (AIC)
We assign AIC weights [Borsanyi et al. (2021)20] to all the fits as

wAIC
k

∝ e− 1
2 (χ2

k+2npar,k−ndata,k) −→ P (ai) =
∫ ai

−∞

∑
k

wAIC
k N (ai;µk,

√
λσk)
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P
(a
i)
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F
)
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a0
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0.6

0.8

1.0

D
is

tr
ib

u
ti

on

0.0 0.2
a1

−0.2 0.0 0.2
a2

joint weighted distribution

weighted average

conn(s)+plateau(disc(s)) (svd), ansatz=zfit

In practice here the distribution is gaussian, and we can
equivalently use a simple weighted average

⟨x⟩ =
∑

k

wAIC
k ⟨x(k)⟩

which allows for a clean separation of statical/systematical error

Covstat[x(k), y(k)] =
∑

k

wAIC
k Cov[x(k), y(k)]

Covsys[x(k), y(k)] =
∑

k

wAIC
k

[
⟨x(k)⟩ − ⟨x⟩

] [
⟨y(k)⟩ − ⟨y⟩

]

∀ fits
cumulative distribution function (CDF)

weighted normal

,
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Results



Results
LQCD determination of the nucleon axial structure across flavor channels within a unified
computational framework
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With charges
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A = 1.225(46) [Djukanovic et al. (2022)10]

gu+d−2s
A = 0.457(40) [Barone et al. (2025)3]

gu+d+s
A = 0.355(43) [Barone et al. (2026)4]
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PNDME 18,20

ETM 24

Mainz 19

This work
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Outlook and conclusions

So far:
▶ full analysis of isovector u− d, isoscalar octet u+ d− 2s and singlet u+ d+ s

▶ singlet achieved through dedicated analysis of the strage s and disconnected diagrams
▶ analysis with summation method + direct z-expansions at n = 2
▶ various approaches to regulate the covariance matrix all consistent (→ svd)
▶ z-expansion coefficients evaluated on each ensemble and extrapolated to the continuum

limit
Future work:
▶ refine the Q2 spectrum of the disconnected contribution for better control
▶ determine the full flavour decomposition
▶ dedicated extraction of nucleon charges

THANK YOU!
,
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Dealing with a large covariance matrix
Direct z-fit
▶ PRO: do only one fit and account for everything in one step
▶ CON: for small ts,min the covariance matrix CN×N is large with N = (#Q2) × (#ts) and

possibly not optimally estimated (≡ error on the error is large)
To assess the stability of the fits we estimate the covariance of the data y with
▶ standard
▶ shrinkage (off-diagonal damping with a parameter α ∈ [0.985, 1], i.e. up to 1.5% damping)
▶ SVD cut (reduce the condition number of the matrix)

Cij = ⟨(yi − ⟨yi⟩)(yj − ⟨yj⟩)⟩

0 20 40 60 80 100 120 140 160
N

10−6

10−4

10−2

100

λ

E300

Strategy: scan progressively removing
the lowest eigenvalues (setting them
constant), stop when the χ2 of the fit
is acceptable.
Set set same condition number for all
the ts,min
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From the path integral to a numerical problem

We move to Euclidean space through Wick rotation t → −iτ . The path integral becomes

⟨O⟩ = 1
Z

∫
D[Φ]O[Φ] eiSM [Φ] ⇒ ⟨O⟩ = 1

Z

∫
D[Φ]O[Φ] e−SE [Φ] , Φ = (ψ̄, ψ, U)

We can now interpret the exponential as a Boltzmann factor (with real SE)! After
integrating out the fermion fields, we can then use Monte Carlo to evaluate multidimensional
integrals by generating a large number of gauge configurations Uα with probability

P [Uα] ∝ det[Uα]e−SE [Uα]

and estimate the path integral as

⟨O⟩ ≃ 1
Nconfig

Nconfig∑
α=1

O[Uα]
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Correlation functions: the fundamental lattice observables
The basic quantities computed on the lattice are Euclidean correlation functions, e.g.

C2(t) =
∑
x

⟨0|OBs
(x, t)O†

Bs
(0, 0)|0⟩ OBs

(x) = b̄(x)γ5s(x)

The correlator has the spectral decomposition

C2(t) =
∫ ∞

0
dωρ(ω)e−ωt =

∑
n

|⟨0|OBs |n⟩|2e−Ent.

with a discrete spectral density

ρ(ω) =
∑

n

|⟨0|OBs |n⟩|2δ(ω − En)

C2(t) t≫0−−−→ |Z0|2e−E0t

Meff(t) = − log
(
C2(t+ 1)
C2(t)

)
,
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Computational pipeline

Monte Carlo
gauge ensembles

Correlation
functions

Statistical
analysis

Physics
observables

1. Large-scale computing for ensemble generation and measurements on HPC (C/C++)

2. Preprocessing Euclidean correlation functions (large datasets generated on multiple gauge
ensembles with different properties and parameters)

3. Data analysis (Python): error propagation, fits, extrapolations, uncertainty quantification

,
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https://epcced.github.io/dirac-docs/tursa-user-guide/hardware/
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